QFT 1 : Problem Set 1

1.) Peskin & Schroeder 2.1

We begin with the action for the classical electromagnetic field :

S[A] = / d'z (— 1 F, F™) where F. = 0,A, — 0,A,

(a)
homogeneous Maxwell equations

To derive the homogeneous Maxwell equations we form the Poincare dual of the Faraday

tensor.
Gaﬁ — %Eaﬁ;w F,uz/ FoB — %Eaﬁ;w le

G is divergenceless from the definition of F :
0aG*P = M 9,0,A, = 0
From the expressions for the fields (E,B) in terms of the potentials A% = (&, A)“ :

E:—a—A—Vcb B = VXA
ot

We find (using Latin letters for spatial indices and Greek for spacetime indices) :

Ei:_(i)OAi+aiA0:Fi0

B — _GOijkajAk _ _%EOijk Fy = G0
Thus, _ _
0,G*Y = 9,G"° = 9,B" = 0
8aGai = 80G0i + 8j€ji0k For = —8()Bi — (Oik 8jEk =0
Or,
0B
VB =0 o + VXE =0

inhomogeneous Maxwell equations

We begin with the Euler-Lagrange equation :

oL oL
o (goay) ~ 74 =0
Now,
oL oL
= _ d — _1 uau_uvapaﬁ:_pw
(9A,, 0 an 6(6MA,,) 2(5 55 5ﬁ5 )
Thus, . .
OaF* = 0,F"° = ;E" = 0
OaF™ = 00 F" — 0,67 Gy, = —E" + 7% 9;B* = 0
Or,
V-E =0 B gxB -0
ot



(b)

We derive the Noether current associated with an infinitesimal translation z — x+a . Using
the equations of motion :

oL oL oL
5£ - 8—141,514” + 78 (aHAU) 8#5141/ - 8# (3(5,“4,,) 5Al/>

From 0L = a®0,L and 64, = a“0, A, we find 9,73 = 0 where :

oL
T, — & A, — 6
f = F0uAy) 9 0% L
Or,
Tag — FO”’(%AU + %504& F#VF“V

Note that this tensor is not symmetric. It is also neither gauge invariant nor traceless. To
remedy these problems we construct :

faﬁ = T% + 0, (FO‘)‘AQ)
Using the equations of motion :
faﬁ - = FauaﬁAV + %naﬁ FMUFHV + Fa”a,jAﬁ

Or,
Top = FapFupn™ + % Napg Fru F*

We compute the energy and momentum densities in terms of the fields. Now,
E,,F" = 2Fy;F% + F,;F%
From above :
F% = —Fy; = —EY and Fii = F; = — % Gy, = — 4k pF
Using €Y7k 079 = 2 5% we have :
F,,F" = -2 (E* - B?)

We consider, R
E = TOO _ FO,uFVO N 4 inOO F#UFW/

Or,
£=1(E?+B?)
Also, N
Si = TO = FUipkiy., — Fii0kGy = ik pi B
Or,

S=EXxXxB



alternate derivation

We may also derive the symmetric, traceless and gauge invariant energy-momentum tensor
from the action on a curved spacetime. The action is :

SlAgl = / B2 G (~ 1 FuFasgg"®)  where g = /| det (g ]|

Here the matrix of the components of a tensor in a particular coordinate system is repre-
sented by braces. For example :
-1
(9w ]~ = [9"]
To compute the energy-momentum tensor we vary the action with respect to the metric
with the definition :

_ 2 45[A4]
Tosla) = 2= 5t
Where,
4 ) [A7g] af
S[A,g+dg] —S[A,g] ~ /d xwég (x)
Now,
det [gu, | = exp[tr (In[gpm ])]
Thus,
det (g, + 39 ] = det[gu] det (1+ g )" (99, ])
= det g Jexp [tr (1n (1+ (g ) [690 ) )]
= det (g ] (14t (o] [d0,0]) )
Since,
tr ([guu]il [6,9”1/]) = gwj 6guu = _guuégwj
We find :

Vg+6g = \/g (1 - %guuéguy)
This leads to:

1
S[A,g+3g) —S[Ag) = — 5 / 045 /G (FuFap 0" — 905 Fop F?) 97

Thus we have :
Tap = FouFup g™ + % gap Fn F*™

This clearly reduces to the above result (derived via Noethers’ theorem) when restricted to
flat spacetime.



2.) Peskin & Schroeder 2.2 : The complex scalar field

We begin with the action for the complex scalar field :
Sie) = [ e (0,60 — m*79)

(a)

We compute the Hamiltonian density associated with this action:

H = w¢¢+w¢*¢* - L

Where,
wzwqbza—ﬁ.:gz'ﬁ* and w¢*za.£:<;5:7r*
¢ o
Thus since,
L=¢"¢— Vo' Vo —m’p*o
We find :

H = n*n + Vo* - Vo + m?p* o

We now impose the canonical commutation relations :

[¢(X,t), W(yvt)] = iég(x - y)

All other commutators (except the one given by hermitian conjugation) vanish. We use
these and the Heisenberg equations of motion to verify that ¢ = 7* :

i6@) = (o), H] = [y [o(x0). H(y.0)]
— idle) = [y 3.0 00x0) 7(v.0)] = in'(2)
We now consider © = ¢* :
it = n(@), H] = [ @y [r6xt), H(y.0)]
= [y [r6et), (V6796 + m2679) (v,1)]
— i [y (V630 Ty 4w (r0) By - )
Integrating by parts we find :
#(z) = V- V6" (2) — mPe"
Thus 6 satisfies the Klein-Gordon equation :

¢ =7 = V3 — m?¢ or 0,0"¢ + m?¢ = 0



(b)

By analogy with the real scalar field we postulate the following form for ¢(z) :

3
o) = [ s e (o™ 1)

@rf V2B,

Thus,

. d3p E —ip-x ip-T
m(x) = —z/(2w)3 TP(bpe P —aLep )
Again by analogy with the case of the real Klein-Gordon field we postulate :

[ap, au = (2m)* 8% (p — k) and [bp, bu = (21)* 8% (p — k)

We assume all other commutators vanish and verify these relations by computing :
i d3p 3k By t , "
1), 1 EE G G _[ , }—Zp'wz'y
obet) 7y = 5 [ [ e[ Lo ok] e

i [ dPp [ Pk By P e
_ _ v b b IR —ipy
2 /(27r)3/(27r)3 \ Ex [ P> k} °c

= i’ (x~y)

_|_

We now show that H is diagonal when written in terms of these creation and annihilation
operators. We begin with :

H = /d% (rlm + Vol - Vo + m?¢T¢)

We consider each of the terms that make up H in turn. Since H is a Noether charge, we
may evaluate it at ¢ = 0) without loss of generality :

/d3:17 71 (x,0)7(x,0)
1 dgp dgk —ip-X ip-X ik-x —ik-x
= 5 ]t [ G VR [ (e = apen) (e o)

1 d3p
= 3 / @n) Ey (bl,bp + apal, — praT_p - apb_p)

Now,
P’p p : :
Vo =i | —— —— (a ePx _ pf eﬂp'x)
¢ /(2@3 N P
Thus,

/ d®z Vo' (x,0) - Vo(x,0)

1 d®p &k p-k . , . .
_ d3 (T —ipx _ zp-x) ( ikex bT —zk-x)
s | | o VBB ] T P\ T

d3p p2
/ 2n)? E_p (aLap + bpr + aLbT_p + bpa,p)

N =



Also,
/d?’:v m? ¢'(x,0) ¢(x,0)
1 d*p Pk m? 3 + _ipx ip-x ik-x to_ikex
- 5/ (273 / (273 ¢E—Ek/ ' (ahe™ ™ - b (o™ o b )

1 d3p m?
_ i t
- 3 / i (apap + bpbl, + aldl  + bpa,p)

Combining terms, taking p — —p for cross terms and using E7 = p® +m? :
/d% (Vo' - Vo + m?¢ ) (x,0)
1 d3p
=5 /WEP (abap + bobl, = bhal, — apb )
Thus,
3 L[ dp t ot t
H = [ @z H(x,0) = - | =5 Ep (ahap + apal, + blbp + bpbl)

2 ) (2n)3

Finally, we normal order to remove the infinite energy of the so-called Dirac sea.
d3p
= T
cH = / (2m)3 Ey (anap bpbp)

(c)

We now express the U(1) Noether charge in terms of creation and annihilation operators :
i
— - | Ba(otnt —
Q=5 [@s(ont - w0)
Again the charge is conserved so we may evaluate it at t =0 :

/dgx m(x,0) ¢(x,0)

i d*p &Pk [Ep 3 t _ipx ipx ikex t_ikex
= 5 [ [ Ve [ e (b o) (e )
7 d3p t
= 5 /W (ahap — bpbl + apb, — bpa_p)
Since (7¢)' = ¢int :
/dgzzr o' (x,0) 7' (x,0)

i d3p
=3 / g (bpr — aLap + aLbT_p - bpa_p)

Thus,

1 d3p
Q= ) / (27)3 (“L“P - beL)

Upon normal ordering, we see that the (a,b) particles have charge (—l—%, —%) :

1 d3p
Q= 5/@ (apap — blbp)



(d)

We consider the Lagrangian :

L= 8#¢: Mo — m2¢:¢a
We will first consider the general case a = 1...N and then take N = 2. We rewrite the
Lagrangian in terms of an N dimensional complex vector ¢ and its hermitian conjugate ¢ :

L= 0,600 — m*l¢

This is invariant under a global U(N) transformation :

o — Up where Ul =1

We may decompose any U(N) transformation into a U(1) and an SU(N) transformation.
Given U € U(N) such that detU = €% we may form M = e~ %/NU € SU(N). Thus
we may consider these invariances separately. For U(1) we consider ¢ — qz(a) = e"/2¢,
Since the Lagrangian itself, rather than merely the action, is invariant under the U(1), we
have the conserved current :

V| | R
N 0(0u9) Oa o da 708(8H¢T)
Now,
oL ¢ .
— AT -7 _i
90,0 ¢ and da| 7 ¢
Thus, .
JH = _% (3H¢T¢ _ ¢T3u¢)
And,

Q = /dB:rJO = %/dgx (d)Tﬂ'T — ﬂ'gb)

Here we have :

For SU(N) we express each element of the group (here we work in the vector representation
and its complex conjugate) in terms of the exponentiation of elements of the Lie algebra

su(N). That is if M € SU(N) then it can be expressed as M = e’ whereg’ € su(N)
and o/ € R. Thus since UTU = 1 we have (gj)T = ¢’ and since,

In(det M) = In (det (efmjgj)) = tr (—iozjgj) =0

we see that g7 is traceless. Thus we are looking for a set of linearly independent traceless
hermitian matrices in N dimensions. The dimensionality of this space is (N 2 1).

Note: The true underlying invariance of the lagrangian is O(2N) not U(N). There are thus
actually N(2N — 1), not N2, symmetry generators.

For SU(N) we have the commutation relations :

ik - ikl 1
(g7, g"] =ifMyg
We use the conventional normalizations :

tr (gjgk) = %(Wk and fjm" fkm" = N §ik



We consider the symmetry ¢ — (;3(04) = i’ 9j¢ . This leads to the conserved currents :

() = 9L 09 99! oL
0(0u¢) Ook| 0 0ak|  0(0,0)
Now,
oL o .
— Art il — _igk
I and pak| T ¢
Thus,
(J5)" = =i (9"6'g" o — ¢Tg"0"0)
And,

Q= [ (M =i [@o(olgn — ngt0)

We now show that the charges satisfy the same commutation relations in their action on the
Hilbert space as the generators of the Lie algebra satisfy on CV . As above, since the charges
are conserved, we may evaluate the fields that go into their construction at any time. We
will therefore suppress time labels on the fields in what follows. We first rewrite the charges
with explicit CV indices.

@ =i [ #6169 (2, 700 — 7o) ()., )
We now evaluate the commutator :
(@@ =~ [ [y ([6lo0 (0), 7l60). L) (61).0 7]
+ [wa(X) (7)., &(x), me(y) (9%)., d)d(y)] )

Now,

([¢') () '), 0'(y) (4") 7' 3)]) = = ([7() (&) ). 7(y) (&*) 6(x)])’

Thus we only need to evaluate :
[Wa(x) (gj)ab ¢b(x)7 WC(Y) (gk)cd (bd(y”
= (97) 4 (9%) g (Ta(x) [00(x), Te(y)] Galy) + me(y) [ma(x), da(y)] du(x))

Using,
[¢a(x) ) Fb(Y)] = 10qp 53(}( - y)
We find :
[ma(®) (¢7),, 26(x), me(y) (9%),, da(y)] = i6°(x—y) (7(x) [¢7, g"] &(¥))
Thus,

[Qj, Qk] — _ Ikl /d3:c (d)T(x) gl WT(X) - 7(x) gl (b(x)) _ ,L-fjkl Ql
For the case of SU(2) we make the replacements :
g = = and fIRL = IR

Where o7 are the Pauli matrices and e/*! is the completely anti-symmetric tensor in 3
dimensions (6123 = 1) .



3.) Peskin & Schroeder 2.3

We evaluate the function

3
(0] $()p(y) [0) = D(z —y) = / (ij)’ %()

for spacelike (z — y), such that (z —y)? = —r?, explicitly in terms of Bessel functions.
Since D(z) is invariant under Lorentz transformations, D(z) = D(Axz) (A € SO (3,1)), we
may choose 20 = y°. Thus, denoting x —y =r ,

Fp 1, Lo = P
D(:T - y) = /— T — —/ dl sin 8 / dp ——— ezprcos@
(2m)? 2Ep (27)* Jo 0 2 (p2 + m2)/?

Where we have introduced a sperical coordinate system (p, 6, ¢) such that p-r = prcosé.
Thus,

1 ! e P> P 1 1 [ p sin(pr
@m)"Jr Joo o 2(p? +m?) @m)" 7T Jo o (p? +m?)

From,
Ki(z) = —m/2 (J1(iz) + iN1(iz)) = /0 dum sin(zu)

Defining v = p/m ,

1 m [ u 1 m
D(x — = — du ——— = sin(mru) = — Ki(mr
0o = Gy ) B ) = o T )
From the properties of K;(z), we find that for (z,y) spacelike separated :
Dla—y) ~ ——
T—y) ~ as T —
Y e Y
The following is a plot of K1(x)/x in red and 1/z? in blue :
10,
8 L
6.
4!
2 L
0.5 1 1.5 2 2.5 3



4)

We consider coherent states for the real Klein-Gordon field :

d3
5= Ne i [ 22 swa| 0
Where,
d3
Ny = e | -4 [ 42 1]

(a)
We evaluate the expectation value of the field operator :

(flo(x)|f)
Where,

d? 1 , :
d(x) = ¢4(2) + ¢—(z) = /# NN (ape™ ™" + al, ™)

Since, ¢_(z) = qﬁi(:v) we need only evaluate :

(fléx@)|f) = INg? (0] e ¢ () €T |0)

d3
r = /(2753 f(p)a,

Where,

Thus, ;
B 2 d°p 1
N9 = N [ s

PR a(1] e~ ap e |0)

We now show that |f) is normalised so that :
—ilT i
(1) = INg? (0] e e o) = 1

Now, if [A, B] € C then:

eAeB — 6A+B+%[A,B] — B oAAB]
Also,
rf|0) =0 and i, r] = /d3—p £ (p)?
’ (2m)3
Thus,
2 d*p 2 ir it
(fI f) = IN¢I” exp s [fP)7| (O] e e |0) =1
(2m)
Now,
[ap,T'] = f(p) since [ap, GH = (27T)363(p—k)
Thus,

"1

~

apeiF 0) = i

n=1

n [ap T T 10) = i f(p) ™ [0)

3

10



This leads to : p .
W1o-@1 = [ G fB)
p

Thus the expectation value of the field operator is :

¥ i , _
<f|¢(17) |f> = /(217153 ﬁ (f(p) e~ _ f*(p) eZ;D~x)

The expectation value trivially satisfies the Klein-Gordon equation since the field operator
satisfies it and |f) is a Heisenberg state vector.

(b)

We evaluate the expectation value of the number density operator in momentum space for
the coherent state |f) :

(flnp |f) = (flahap |f) = [Npape™ 0)]* = |£(p)[?
Also,

2 —irf i
(fl npnp [f) = [NgI” (0] e af, ap af, ap e™ |0)

it i
= INGP @) (0] e ap ah e o)

From the commutation relations we see that this is a divergent quantity.

(1 mpmp 1) = FEIF (IF@)F + (2m)*5(0))

Thus,
([l mpnp 1) = (flnp 1F)? _ (2m)?6°(0)

((f] np 1)) f(p)I*
This divergence arises since np is an operator-valued distribution and must be integrated
before a well-defined product with another operator valued distribution may be taken.
We now evaluate the expectation value of the Hamiltonian for the coherent state |f) :

3 3
A = [ Ghs B Ul 1) = [ 55 B @)

Also,

3 3
w1n = [t [ G B B U mpmc )

d? dk , ,
2 p - —irt T AN
|Nf| / (27T)3 / (27T)3 Ep Ek <0| e G/I) ap ak ak € |0>

a3 A3k ) )
NP [ G [ B B (0) 109 O e apae™ 0)

Now,
O e apale™ [0) = [N;|7% (f()f* (k) + (27)° 8 (p — k)
Thus,

3 3 2
ain = [ S ez el + ([ ok B i)

11



Finally,

D a2
(fl H*|f) = (fI H |f>)2 _ /(271.)3 E5 |f(p)|

((F1H 1)) (/ (;iz;g 5, |f(p)|2)2

(c)

As we found above, for (x,y) spacelike separated :

(0] p(2)9(y) [0) = D(x —y) ~ m as T =Yy

Here, as above, (z —y)? = —r2. Again, as for np above, this divergence arises since ¢(x) is
an operator-valued distribution. This is also a sign that local quantities that are quadratic
in ¢(x), such as the energy-momentum tensor, do not have well defined values and must
be renormalized. Note that the divergence is independent of the mass of the particle. This
is an indication that all particles behave as massless particles at sufficiently high energies
(short distances).
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