
QFT 1 : Problem Set 3

1.)

(a)

We consider the Dirac Lagrangian:
L [ψ] = ψ̄ (i/∂ −m)ψ

Where we have:
{ γµ , γν } = 2 ηµν and ψ̄ = ψ†γ0

And we use the conventions:

/∂ψ ≡ γµ∂µψ and (γµ)
†

= γ0γµγ0

Lorentz invariance means that:

L [ψ] (x) = L [ψ′] (Λx) where ψ′(Λx) = MΛψ(x)

Where Λ ∈ SO(3, 1) such that:

Λµ
ν =

[

exp
(

− 1
2 i ωαβ L

αβ
) ]µ

ν

Where,
[

Lαβ
]µ

ν
= i

(

ηαµδβ
ν − ηβµδα

ν

)

And where MΛ ∈ Spin(3, 1) such that:

MΛ = exp
(

− 1
2 i ωαβ S

αβ
)

Where,

Sαβ =
i

4

[

γα , γβ
]

Here we have suppressed spinor indices. We now consider

L [ψ′] (Λx) = ψ̄′(Λx) (i/∂ψ′) (Λx) − mψ̄′(Λx)ψ′(Λx)

Now,

M †
Λγ

0 = γ0M−1
Λ since γ0

(

Sαβ
)†
γ0 = −Sαβ

Thus,
ψ̄′(Λx) = ψ′†(Λx)γ0 = ψ†(x)M †

Λγ
0 = ψ̄(x)M−1

Λ

Also,

(i/∂ψ′) (Λx) = i γµ ∂

∂yµ
ψ′(y)

∣

∣

∣

∣

y=Λx

= i γµMΛ
∂

∂yµ
ψ(Λ−1y)

∣

∣

∣

∣

y=Λx

Defining a = Λ−1y and using the chain rule,

∂

∂yµ
ψ(Λ−1y)

∣

∣

∣

∣

y=Λx

=
∂ψ

∂aν
(a)

∂aν

∂yµ

∣

∣

∣

∣

y=Λx

=
∂ψ

∂xν
(x)

(

Λ−1
)ν

µ

Thus,
(i/∂ψ′) (Λx) = i

(

Λ−1
)ν

µ
γµMΛ ∂νψ(x)
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Thus we have:
L [ψ′] (Λx) =

(

Λ−1
)ν

µ
ψ̄(x)M−1

Λ γµMΛ i∂νψ(x) − mψ̄(x)ψ(x)

Now, using the γ matrix algebra, for infinitesimal ωαβ , one may show:

(

1 + i/2ωαβ S
αβ

)

γµ
(

1 − i/2ωαβ S
αβ

)

=
(

1 − i/2ωαβ L
αβ

)µ

ν
γν

Thus,
M−1

Λ γµMΛ = Λµ
νγ

ν

And, finally,
L [ψ′] (Λx) = L [ψ] (x) = ψ̄(x) (i/∂ −m)ψ(x)

(b)

We consider the Lagrangian of a massless Dirac field:

L0 [ψ] = ψ̄ (i/∂)ψ

A chiral rotation is given by:

ψ′ = e iαγ5

ψ where γ5 = iγ0γ1γ2γ3

This transformation can be seen to be a symmetry of the Lagrangian and thus of the action:

L0 [ψ′] = ψ̄′ (i/∂)ψ′ = ψ† e−iα(γ5)† γ0 (i/∂) e iαγ5

ψ

Now, it may be shown,
(γ5)† = γ5 and

{

γµ , γ5
}

= 0

Thus,

L0 [ψ′] = ψ† e−iαγ5

γ0 e−iαγ5

(i/∂) ψ = ψ̄ (i/∂)ψ = L0 [ψ]

We now derive the Noether current. For an infinitesimal variation δψ , after integrating by parts and
applying the equations of motion, we find:

S [ψ + δψ] − S [ψ] ≃
∫

d4x ∂µ

(

iψ̄γµδψ
)

Using δψ = iǫγ5ψ we find the conserved axial current:

Jµ
A = ψ̄γµγ5ψ where ∂µJ

µ
A = 0

This leads to the Noether charge:

QA =

∫

d3xJ0
A =

∫

d3xψ†γ0γ0γ5ψ =

∫

d3xψ†γ5ψ

Using,

ψ =

(

ψL

ψR

)

and γ5 =

(

−1 0
0 1

)

We find,

QA =

∫

d3x
(

ψR
†ψR − ψL

†ψL

)
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To show that this operator measures the helicity of a collection of massless particles we introduce the
matrices:

σµ ≡ (1,σ) and σ̄µ ≡ (1,−σ)

The γ matrices take the form:

γµ =

(

0 σµ

σ̄µ 0

)

This allows us to decouple the Dirac equation for massless particles:

iσ̄ · ∂ψL = 0 and iσ · ∂ψR = 0

We write the field operators as:

ψL =

∫

d3p

(2π)3
1

√

2Ep

(

aL(p)αL(p) e−ip·x + b†L(p)βL(p) eip·x
)

ψR =

∫

d3p

(2π)3
1

√

2Ep

(

aR(p)αR(p) e−ip·x + b†R(p)βR(p) eip·x
)

Imposing the equations of motion we find:

p · σ̄αL(p) = p · σ̄βL(p) = 0 where p · σ̄ = Ep + p · σ

And,
p · σαR(p) = p · σβR(p) = 0 where p · σ = Ep − p · σ

Thus, defining the helicity operator,
h = p · σ/Ep

We find:
hαL(p) = −αL(p) and hβL(p) = −βL(p)

And,
hαR(p) = αR(p) and hβR(p) = βR(p)

Using the orthogonality relations (see P+S pg 48):

αL,R
†(p)αL,R(p) = βL,R

†(p)βL,R(p) = 2Ep

αL,R
†(p)βL,R(−p) = βL,R

†(−p)αL,R(p) = 0

We find:

: QA : =

∫

d3p

(2π)3
(

a†R aR + b†R bR − a†L aL − b†L bL
)

Thus we see that the Noether charge measures the helicity of a collection of particles.
We now add a mass term to the Lagrangian and verify that the chiral symmetry is violated.

L [ψ] = ψ̄ (i/∂ −m)ψ = L0 [ψ] − mψ̄ψ

Thus,

L [ψ′] = L0 [ψ′] − mψ†e−iαγ5

γ0 e iαγ5

ψ = L0 [ψ] − mψ̄ e 2iαγ5

ψ

Thus for an infinitesimal variation δψ = iǫγ5ψ we find:

S [ψ + δψ] − S [ψ] ≃ − ǫ

∫

d4x
(

2im ψ̄γ5ψ
)
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Thus the chiral symmetry is violated by the mass term. From above:

S [ψ + δψ] − S [ψ] ≃ − ǫ

∫

d4x ∂µ

(

ψ̄γµγ5ψ
)

Thus we may express the violation of current conservation as:

∂µ

(

ψ̄γµγ5ψ
)

= 2im ψ̄γ5ψ

It is simpler to derive this by computing ∂µJ
µ
A and making use of the Dirac equation.

(c)

We now consider the symmetry under phase rotations:

ψ′ = e iα ψ

Clearly,
L [ψ′] = L [ψ]

For an infinitesimal variation δψ = iǫψ we find:

S [ψ + δψ] − S [ψ] ≃ − ǫ

∫

d4x ∂µ

(

ψ̄γµψ
)

Thus we find the conserved current:

Jµ = ψ̄γµψ where ∂µJ
µ = 0

2.) Peskin & Schroeder 3.1 : Lorentz group

We begin with the Lorentz algebra:

[ Jµν , Jρσ ] = i ( ηνρJµσ − ηµρJνσ − ηνσJµρ + ηµσJνρ )

(a)

We define the generators of rotations and boosts as:

Li = 1
2 ǫ

ijk Jjk and Ki = J0i

We compute:
[

Li , Lj
]

= 1
4 ǫ

ipq ǫjmn [ Jpq , Jmn ] = i ǫipq ǫjmn δpm Jqn

Where we have substituted δij = − ηij . Now,

J ij = ǫijk Lk and ǫipq ǫjmn δpm =
(

δijδqn − δinδqj
)

Thus,
[

Li , Lj
]

= i
(

δijδqn − δinδqj
)

ǫqnk Lk = i ǫijk Lk

We next compute:
[

Ki , Kj
]

=
[

J0i , J0j
]

= −i η00 J ij = −i ǫijk Lk
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And, finally we compute:
[

Li , Kj
]

= 1
2 ǫ

ipq
[

Jpq , J0j
]

= −i ǫipq δpj Jq0 = i ǫijk Kk

We now define:
J± = 1

2 (L ± iK )

We compute:
[

J i
+ , J

j
+

]

= 1
4

( [

J i , Jj
]

−
[

Ki , Kj
]

+ i
[

J i , Kj
]

+ i
[

Ki , Jj
] )

= i ǫijk 1
2

(

Lk + iKk
)

= i ǫijk Jk
+

Similarly,
[

J i
− , J

j
−

]

= 1
4

( [

J i , Jj
]

−
[

Ki , Kj
]

− i
[

J i , Kj
]

− i
[

Ki , Jj
] )

= i ǫijk 1
2

(

Lk − iKk
)

= i ǫijk Jk
−

And,
[

J i
+ , J

j
−

]

= 1
4

( [

J i , Jj
]

+
[

Ki , Kj
]

− i
[

J i , Kj
]

+ i
[

Ki , Jj
] )

= 0

Thus we find that we may put the representations of the Lorentz group in correspondence with the
representations of SU(2)× SU(2) . Note that this does not mean that Spin(3, 1) = SL(2,C) is the same
Lie group as SU(2) × SU(2) since SO(3, 1) and thus Spin(3, 1) are non-compact while SU(2) × SU(2)
is compact. SU(2) × SU(2) is the same manifold as the product S3 × S3 . Spin(3, 1) is topologically
S3 × R3 .

(b)

We consider the (j+, j−) representation of SU(2)+ × SU(2)− . A field in this representation transforms
under an infinitesimal Λ ∈ SO(3, 1) as:

Φ̃(j+,j−)(Λx) = (1 − iθ · L− iβ · K )Φ(j+,j−)(x)

For the (1/2, 0) representation we have:

J+ = σ/2 = 1
2 (L + iK ) and J− = 0 = 1

2 (L − iK )

Thus L = iK = σ/2 and,

Φ̃(1/2,0)(Λx) = (1− iθ · σ/2 − β · σ/2 )Φ(1/2,0)(x)

For the (0, 1/2) representation we have:

J+ = 0 = 1
2 (L + iK ) and J− = σ/2 = 1

2 (L − iK )

Thus L = −iK = σ/2 and,

Φ̃(0,1/2)(Λx) = (1− iθ · σ/2 + β · σ/2 )Φ(0,1/2)(x)

Thus in the notation of P&S we have:

Φ(1/2,0) ≡ ψL and Φ(0,1/2) ≡ ψR
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(c)

We consider the behavior of the matrix,

V =

(

V 0 + V 3 V 1 − iV 2

V 1 − iV 2 V 0 − V 3

)

= Vµ σ̄
µ where V µ = 1

2 tr (σµ
V )

under the infinitesimal transformation:

Ṽ =
(

1 + 1
2 (β − iθ) · σ

)

V
(

1 + 1
2 (β + iθ) · σ

)

Or using the cyclicity of the trace and defining a = (β + iθ)/2 :

Ṽ µ = 1
2 tr

[

(1 + a · σ ) σµ ( 1 + ā · σ )
(

V 0 + V · σ
) ]

Now, to first order in a :
(1 + a · σ ) σ0 (1 + ā · σ ) = (1 + β · σ )

And, using σiσj = δij + iǫijkσk :

(1 + a · σ ) σ (1 + ā · σ ) = σ + β + θ ×σ

Thus,
Ṽ 0 = V 0 + β · V and Ṽ = V + β V 0 + θ ×V

This is just the transformation of a Lorentz vector.

3.) Peskin & Schroeder 3.4 : Majorana fermions

(a)

Borrowing notation from problems 1 and 2 above, we define

MΛ = exp
(

− 1
2 i ωαβ S

αβ
)

=

(

ΩL 0
0 ΩR

)

Where,
ΩL = exp

(

− 1
2 i (θ − iβ)·σ

)

And using σ2σσ2 = −σ∗ we have
Ω∗

R = σ2 ΩL σ
2

And,
σ̄µ = σ2 (σµ)∗ σ2

From the properties of the γ matrices we have

Ω−1
R σ̄µΩL = Λµ

ν σ̄
ν Ω−1

L σµΩR = Λµ
ν σ

ν

And,
σµσ̄ν + σν σ̄µ = σ̄µσν + σ̄νσµ = 2 ηµν

We consider the equation of motion for left-handed Majorana fermions

iσ̄ · ∂χ− imσ2 χ∗ = 0
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Where χ transforms as
χ′(Λx) = ΩLχ(x)

Now,
−imσ2(χ′)∗(Λx) = −imσ2Ω∗

Lχ
∗(x) = −imΩRσ

2χ∗(x)

As in problem 1 above,
iσ̄ · ∂χ′(Λx) = i

(

Λ−1
)ν

µ
σ̄µ ΩL ∂νχ(x)

Or,
iσ̄ · ∂χ′(Λx) = iΩR σ̄ · ∂χ(x)

Thus the equations of motion are Lorentz invariant

iσ̄ · ∂χ′ − imσ2 (χ′)∗ = 0

Complex conjugating the equations of motion

−i(σ̄µ)∗∂µχ
∗ − imσ2 χ = −iσ2σµσ2∂µχ

∗ − imσ2 χ = 0

Operating on this equation with i(σ̄ · ∂)σ2 we find

σ̄µσνσ2∂ν∂µχ
∗ +m2σ2χ∗ = 0

Using,
σ̄µσν∂µ∂ν = 1

2 (σ̄µσν + σ̄µσν) ∂µ∂ν = ∂2

We find that χ satisfies the Klein-Gordon equation
(

∂2 +m2
)

χ = 0

(b)

The action for Majorana fermions is

S[χ, χ∗] =

∫

d4x
[

χ†iσ̄ · ∂χ+ 1
2 im

(

χTσ2χ− χ†σ2χ∗
)]

To show that S = S∗ we first compute
[

1
2 im

(

χa(σ2)abχb − χ∗
a(σ2)abχ

∗
b

)]∗
=

[

1
2 im

(

χ∗
b(σ

2)abχ
∗
a − χb(σ

2)abχa

)]

Where we have used (χaχb)
∗ = χ∗

bχ
∗
a and (σ2)∗ = −σ2 . Using χaχb = −χbχa we find

[

1
2 im

(

χTσ2χ− χ†σ2χ∗
)]∗

=
[

1
2 im

(

χa(σ2)abχb − χ∗
a(σ2)abχ

∗
b

)]

Using (σ̄µ)† we consider
[i χ∗

aσ̄
µ
ab∂µχb]

∗
= [−i σ̄µ

ba∂µχ
∗
bχa]

Ignoring surface terms we find
[

χ†iσ̄ · ∂χ
]∗

= [i σ̄µ
baχ

∗
b∂µχa]

Thus S = S∗ . Varying S with respect to χ∗

S[χ, χ∗ + (δχ)∗] − S[χ, χ∗] ≃
∫

d4x
[

(δχ)†iσ̄ · ∂χ− im (δχ)†σ2χ∗
]

This leads directly to the equations of motion

iσ̄ · ∂χ− imσ2 χ∗ = 0
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(c)

We write the Dirac Lagrangian as

L =
(

ψ†
L ψ†

R

)

(

iσ̄ · ∂ −m
−m iσ · ∂

) (

ψL

ψR

)

Setting ψL = χ1 and ψR = iσ2χ∗
2

L = χ†
1iσ̄ · ∂χ1 + χT

2 i(σ
2σσ2) · ∂χ∗

2 − imχ†
1σ

2χ∗
2 + imχT

2σ
2χ1

Note that since (χ1, χ2) are Grassmann variables

χT

2 i(σ
2σσ2) · ∂χ∗

2 = −∂χ†
2 · iσ̄χ2

Thus, integrating by parts

L = χ†
1iσ̄ · ∂χ1 + χ†

2iσ̄ · ∂χ2 − imχ†
1σ

2χ∗
2 + imχT

2σ
2χ1

If we set χ ≡ χ1 = χ2 we find (twice) the Majorana Lagrangian. If we make this identification then the
U(1) symmetry χ1 → eiθχ1 and χ2 → e−iθχ2 of the Dirac Lagrangian is lost.

(e)

Consider the following form of the Weyl spinor components of a solution to the Dirac equation

ψL(x) =

∫

d3p

(2π)3
1

√

2Ep

∑

s

√
p · σ

(

αs(p) ξs e
−ip·x + β∗

s (p) (−iσ2ξ∗s ) eip·x
)

ψR(x) =

∫

d3p

(2π)3
1

√

2Ep

∑

s

√
p · σ̄

(

αs(p) ξs e
−ip·x − β∗

s (p) (−iσ2ξ∗s ) eip·x
)

Here we have used the conventions of Peskin and Schroeder. The Majorana fermions satisfy the condition

χ = ψL(x) = −iσ2 ψ∗
R(x)

Imposing this condition, after some algebra we find

αs(p) = βs(p)

Promoting αs(p) to an operator âs(p) , χ may be written as

χ(x) =

∫

d3p

(2π)3
1

√

2Ep

∑

s

√
p · σ

(

âs(p) ξs e
−ip·x + â†s(p) (−iσ2ξ∗s ) eip·x

)

It may be verified that this satisfies the Majorana equation. Furthermore it may be seen that the canonical
anti-commutation relations

{χa(x), χ†
b(y)} = δab δ

(3)(x − y)

follow from the anti-commutation relations

{âs(p), â†r(k)} = (2π)3 δsr δ
(3)(p − k)
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To see this we write

χ(x) =

∫

d3p

(2π)3
1

√

2Ep

∑

s

(

âs(p)As(p) e
−ip·x + â†s(p)Bs(p) e

ip·x
)

Where
As(p) =

√
p · σ ξs Bs(p) =

√
p · σ (−iσ2) ξ∗s

Setting x0 = y0 = 0 and imposing the anti-commuation relations

{χa(x), χ†
b(y)} =

∫

d3p

(2π)3
1

2Ep

∑

s

(

(As(p))a (As(p))
∗
be

ip·(x−y) + (Bs(p))a (Bs(p))
∗
be

−ip·(x−y)
)

It may be verified that

∑

s

(As(p))a (As(p))
∗
b =

∑

s

(Bs(p))a (Bs(p))
∗
b = ( p · σ )ab

This leads directly to the canonical anti-commutation relations. The Hamiltonian may be constructed
from the Lagrangian for Majorana fermions. However it is straightforward to see that the Hamiltonian
takes the form expected from the projection of the Dirac equation

H =

∫

d3p

(2π)3
Ep

∑

s

â†s(p) âs(p)

That is we simply identify the âs(p) and b̂s(p) operators and, by convention, divide the action and thus
the Hamiltonian by two.

4.) Peskin & Schroeder 3.7 : PCT

(a)

We consider the discrete transformation properties of:

ψ̄ σµν ψ where σµν =
i

2
[ γµ , γν ]

We begin with the parity operator P = P† = P−1 :

P ψ(t,x)P = γ0 ψ(t,−x)

Now, since (γ0)† = γ0 ,

P ψ̄(t,x)P = (P ψ(t,x)P)
†
γ0 = ψ̄(t,−x) γ0

Thus,
(

P ψ̄ σµν ψP
)

(t,x) =
(

P ψ̄P σµν P ψP
)

(t,x) =
(

ψ̄ γ0 σµν γ0 ψ
)

(t,−x)

Now,
γ0 σ0j γ0 = − σ0j and γ0 σjk γ0 = σjk

Thus,
(

P ψ̄ σµν ψP
)

(t,x) = ηµµ ηνν
(

ψ̄ σµν ψ
)

(t,−x)
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Where no summation is implied.

Next we consider the time reversal operator T = T † = T −1 :

T ψ(t,x) T = − γ1 γ3 ψ(−t,x)

T is an anti-linear operator so that:

T ψ̄(t,x) T = (T ψ(t,x) T )
†

(γ0)∗ =
(

− γ1 γ3 ψ(−t,x)
)†
γ0

Since (γµ)† = γ0γµγ0 we find:

T ψ(t,x) T = −ψ†(−t,x) (γ1)† (γ3)† γ0 = ψ̄(−t,x) γ1 γ3

Thus,

(

T ψ̄ σµν ψ T
)

(t,x) =
(

T ψ̄ T (σµν )
∗ T ψ T

)

(t,x)

=
(

ψ̄ γ1 γ3 (σµν )
∗
γ3 γ1 ψ

)

(−t,x)

Now, in the Weyl representation:

(γ0)∗ = γ0 (γ1)∗ = γ1 (γ2)∗ = − γ2 (γ3)∗ = γ3

And,

(σµν )
∗

= − i

2
[ (γµ)∗ , (γν)∗ ]

Thus, using the γ matrix algebra:

γ1 γ3
(

σ12
)∗
γ3 γ1 = γ1 γ3 σ12 γ3 γ1 = − σ12

γ1 γ3
(

σ23
)∗
γ3 γ1 = γ1 γ3 σ23 γ3 γ1 = − σ23

γ1 γ3
(

σ31
)∗
γ3 γ1 = − γ1 γ3 σ31 γ3 γ1 = − σ31

And,

γ1 γ3
(

σ01
)∗
γ3 γ1 = − γ1 γ3 σ01 γ3 γ1 = σ01

γ1 γ3
(

σ02
)∗
γ3 γ1 = γ1 γ3 σ02 γ3 γ1 = σ02

γ1 γ3
(

σ03
)∗
γ3 γ1 = − γ1 γ3 σ03 γ3 γ1 = σ03

Thus, again with no summation implied:

(

T ψ̄ σµν ψ T
)

(t,x) = − ηµµ ηνν
(

ψ̄ σµν ψ
)

(−t,x)

We now consider the charge conjugation operator: C = C† = C−1 :

C ψ C = −i
(

ψ̄ γ0 γ2
)T

Thus,

C ψ̄ C = ( C ψ C )
†
γ0 = −i

(

(

ψ̄ γ0 γ2
)†

)T

γ0 = i
(

γ2 ψ
)T

γ0
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And,

C ψ̄ σµν ψ C = C ψ̄ C σµν C ψ C =
(

γ2 ψ
)T

γ0 σµν
(

ψ̄ γ0 γ2
)T

Now, in the Weyl representation:

(γ0)T = γ0 (γ1)T = −γ1 (γ2)T = γ2 (γ3)T = −γ3

Thus,
C ψ̄ σµν ψ C = ψT γ2 γ0 σµν γ2 γ0 ψ̄T = ψ̄ γ0 γ2 (σµν )

T
γ0 γ2 ψ

Now,

(σµν )
T

= − i

2

[

(γµ)T , (γν)T
]

Thus, using the γ matrix algebra:

γ0 γ2
(

σ12
)T
γ0 γ2 = γ0 γ2 σ12 γ0 γ2 = − σ12

γ0 γ2
(

σ23
)T
γ0 γ2 = γ0 γ2 σ23 γ0 γ2 = − σ23

γ0 γ2
(

σ31
)T
γ0 γ2 = − γ0 γ2 σ31 γ0 γ2 = − σ31

And,

γ0 γ2
(

σ01
)T
γ0 γ2 = γ0 γ2 σ01 γ0 γ2 = − σ01

γ0 γ2
(

σ02
)T
γ0 γ2 = − γ0 γ2 σ02 γ0 γ2 = − σ02

γ0 γ2
(

σ03
)T
γ0 γ2 = γ0 γ2 σ03 γ0 γ2 = − σ03

Thus,
C ψ̄ σµν ψ C = − ψ̄ σµν ψ

(b)

We now consider the complex scalar field:

φ(x) =

∫

d3p

(2π)3
1

√

2Ep

(

ap e
−ip·x + b†

p
eip·x

)

The parity operator acts as:

P ap P = a−p and P bp P = b−p

Thus,

P φ(t,x)P =

∫

d3p

(2π)3
1

√

2Ep

(

a−p e
−ip·x + b†−p

eip·x
)

=

∫

d3p

(2π)3
1

√

2Ep

(

ap e
−iEpt−ip·x + b†

p
eiEpt+ip·x

)

= φ(t,−x)

11



The anti-linear time reversal operator acts as:

T ap T = a−p and T bp T = b−p

Thus,

T φ(t,x) T =

∫

d3p

(2π)3
1

√

2Ep

(

a−p e
ip·x + b†−p

e−ip·x
)

=

∫

d3p

(2π)3
1

√

2Ep

(

ap e
iEpt+ip·x + b†

p
e−iEpt−ip·x

)

= φ(−t,x)

The charge conjugation operator acts as:

C ap C = bp and C bp C = ap

Thus,

C φ(x) C =

∫

d3p

(2π)3
1

√

2Ep

(

bp e
−ip·x + a†

p
eip·x

)

= φ(x)†

We now consider the transformation properties under P , C and T of the current associated with the
U(1) symmetry:

Jµ = i
(

φ† (∂µφ) − (∂µφ†)φ
)

We begin with the parity operator:

P Jµ(t,x)P = i
(

φ†(t,−x) ∂µ(φ(t,−x)) − ∂µ(φ†(t,−x))φ(t,−x)
)

Now,
∂µ(φ(t,−x)) = ηµµ (∂µφ)(t,−x)

Thus,
P Jµ(t,x)P = ηµµ Jµ(t,−x)

For time reversal:

T Jµ(t,x) T = −i
(

φ†(−t,x) ∂µ(φ(−t,x)) − ∂µ(φ†(−t,x))φ(−t,x)
)

Now,
∂µ(φ(−t,x)) = −ηµµ (∂µφ)(t,−x)

Thus,
T Jµ(t,x) T = ηµµ Jµ(−t,x)

For charge conjugation:
C Jµ C = i

(

φ (∂µφ†) − (∂µφ)φ†
)

= − Jµ

This may be seen since Jµ is normal ordered and it may be seen that:

:φ†(x)φ(y) : = :φ(y)φ†(x) :

12



(c)

Any Hermitian Lorentz scalar built from ψ and φ may be written as a sum of products of Hermitian
tensors, and their derivatives, which are quadratic in the fields. We consider the transformation properties
of such tensors for the complex scalar and Dirac spinor fields under Θ = CPT . For the Dirac field we
consider:

ψ̄ψ iψ̄γ5ψ ψ̄γµψ ψ̄γµγ5ψ ψ̄σµνψ

for the complex scalar field we consider:

φ†φ Jµ = i
(

φ† (∂µφ) − (∂µφ†)φ
)

∂µφ† ∂νφ

As can be seen from the results of part (b) and the table on pg 71 of P+S , all tensors with an even(odd)
number of indices are even(odd) under Θ . Furthermore the derivative operator ∂µ is odd under Θ . Thus,
since all scalars are a contraction of an even number of indices, all Hermitian Lorentz scalars are invariant
under Θ .
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