QFT 1 : Problem Set 3

1.)
(a)

We consider the Dirac Lagrangian:
Where we have:

And we use the conventions:
P = O and (v = 409"
Lorentz invariance means that:
L[] (z) = L[] (Az) where V' (Az) = Mpy(x)
Where A € SO(3,1) such that:

AV, = [exp(—%iwaﬁL“ﬁ)]#

v

Where,
[Laﬁ]”V — i(nau(gﬁu _ 775”50‘1,)

And where My € Spin(3,1) such that:
My = exp (—%iwagSo‘ﬁ)
Where,

50 = i [v*, 7°]

Here we have suppressed spinor indices. We now consider

L[] (Ax) = ¢'(Az) (i@y") (Ax) — my)' (Az)y' (Ax)

Now,
M;ho = voMl:l since ~° (S’O‘ﬁ )T A0 = —gaf
Thus, - -
V'(Az) = 9T(Aw)y" = ¢l (@)M{y° = d@) My
Also,
i) (Aw) = i )| = i My (A
ay# y=Azx 8y# y=Az
Defining a = A~'y and using the chain rule,
0 _ o da” oY _1\v
v A 1 _ _ A 1
Oy+ W v) y=Az Oa? (a) oyt J=As oxv (@) ( ) p

Thus,
(i90) (Az) = i (A™))", 2 My ,0(a)
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Thus we have: - -
L] (Az) = (A7) d(w) My " Myid(x) — map(a)y(z)
Now, using the v matrix algebra, for infinitesimal w,3, one may show:
(1+i/20a55%%) 7" (1 = i/2wap 8*7) = (1 i/2wap L*P)" ¥

Thus,
Mty My = Ay

And, finally, _
LY (Az) = LY](z) = P(x) (i@ —m) Y(z)

(b)

We consider the Lagrangian of a massless Dirac field:
Loly] = ¢ (i)
A chiral rotation is given by:
W = em»f’d} where A% = iy0yt2a3
This transformation can be seen to be a symmetry of the Lagrangian and thus of the action:
(s —ia(y®)T . iary®
Lo[W'] = &' (@) = Te 040 (i) e'"
Now, it may be shown,
() =79° and {+.7} =0
Thus,
—iay® —iay® 7 (s
Lo[y] = e 2™ (i9) ¥ = ¥ (i) ¥ = Lo [v]
We now derive the Noether current. For an infinitesimal variation 61, after integrating by parts and
applying the equations of motion, we find:

Slp+89]— S = / &'z 9, (i8¢

Using 61 = iey®y) we find the conserved axial current:
Jh = PyrySe where oJh =0

This leads to the Noether charge:

Qi = [ @y = [daviyre = [Eavire

(@) w1

Qa = [ (valvn — vilvn)

Using,

We find,



To show that this operator measures the helicity of a collection of massless particles we introduce the
matrices:

ot = (1,0) and ot = (1,-0)

0 o
po_
"= )

This allows us to decouple the Dirac equation for massless particles:

The ~ matrices take the form:

1w0-0¢Y, =0 and i0-0¢Yr =0
We write the field operators as:

YL = / (;STP;?, 2;13;, (aL(p)aL(p)e " + b'L(p) BL(p) e ™)

on = [ s = (on(B)an(e) e + 1la(e) Bali) )

Imposing the equations of motion we find:

p-oar(p) = p-afr(p) =0 where p0=~FE,+tpo
And,

p-oar(p) = p-oBr(p) =0 where p-ocg=E,—p-o
Thus, defining the helicity operator,

h=p-o/Ep
We find:
har(p) = —ar(p) and hBL(p) = —BL(p)
And,
har(p) = ar(p) and hBr(p) = Br(pP)

Using the orthogonality relations (see P+S pg 48):
arr'(P)arr(P) = Br.r' (P)BLr(P) = 2Ep

arz (P)BL.r(—P) = BLr'(-p)ar,r(p) = 0
We find: P
QA= /# (aTRaR—FbTRbR—aTLaL—bTLbL)

Thus we see that the Noether charge measures the helicity of a collection of particles.
We now add a mass term to the Lagrangian and verify that the chiral symmetry is violated.

L[] =i —m)y = Lo[y] — mapy
Thus, ) ) )
LI = Lo[] = mute 40ty = Loy] = mper y

Thus for an infinitesimal variation 61 = iey®y we find:

S+ 0¢] —S[Y] ~ —e/d4:v (2imy°1))



Thus the chiral symmetry is violated by the mass term. From above:
S[o+00] - Slul = — e [ dz 0, (5v2%0)
Thus we may express the violation of current conservation as:
O (V") = 2imyy®ep
It is simpler to derive this by computing 9,,J/4 and making use of the Dirac equation.
(c)
We now consider the symmetry under phase rotations:
’(/Jl — eia w

Clearly,
L] = L[]

For an infinitesimal variation ¢ = ieyp we find:

St + 00 = S[] =~ [ d's 0, ("v)
Thus we find the conserved current:

JH = iyt where OuJ" =0

2.) Peskin & Schroeder 3.1 : Lorentz group
We begin with the Lorentz algebra:

[JHV | JP7) = i (n/PJHT — P JVT — Vo JEP 4 e JVP
(a)
We define the generators of rotations and boosts as:

Lt = 1éik b and K'=J"

We compute: _ _ o o

[Ll, LJ} — %qu M [ JPd | JT] = g P M gPm Jan
Where we have substituted 6% = — /. Now,

J9 = ¢k ¥ and Padmn g = (5450 — 5§ )
Thus, - N o N
[Li, 7] = i (7967 — gingei ) emk & — ik [}

We next compute: _ _ _ ) - -
[KZ, Kg] _ I:JO’L, JOJ] — _,L'nOOJZJ — —iEZJkLk



And, finally we compute:
[Li, Kj] — %Eipq [Jpq, Joj} — _jePagri gaO _ ; ik gk

We now define:

J. =35 (L +:iK)

1
2
We compute:

[ ] = (P - KR [ ] i [K0))
= i I (LF +iK") = iél* gl
Similarly,
[Jj,Jz} = L([J, P =K K —i[J, K] —i[K', J7])
= iem L (LF —iKF) =ik gk
And,
(2] = (P (K ) [ O]+ (K P]) = 0

Thus we find that we may put the representations of the Lorentz group in correspondence with the
representations of SU(2) x SU(2). Note that this does not mean that Spin(3,1) = SL(2,C) is the same
Lie group as SU(2) x SU(2) since SO(3,1) and thus Spin(3,1) are non-compact while SU(2) x SU(2)
is compact. SU(2) x SU(2) is the same manifold as the product S* x S*. Spin(3,1) is topologically
S3 x R3.

(b)

We consider the (j,j_) representation of SU(2);+ x SU(2)_. A field in this representation transforms
under an infinitesimal A € SO(3,1) as:

b, gy (Ax) = (1-i0-L—iB-K) &g, ; (z)
For the (1/2,0) representation we have:
Jy =0/2=1%(L+iK) and J_=0=3(L-iK)
Thus L = /K = 0/2 and,
é(l/Z,O)(A‘T) =(1-i0-0/2=B-0/2) P20 ()
For the (0,1/2) representation we have:
J.=0=3(L+iK) and J_=0/2=%(L-iK)
Thus L = —iK = 0/2 and,
(1)(0,1/2)(/\517) =(1-i0-0/2+B-0/2)P,1/2) ()
Thus in the notation of P&S we have:

D120 = YL and D1/2) = YR



(c)

We consider the behavior of the matrix,

Vo4 vs vi—iv? _
V= ( Vioiv? vo_y3 )~ Vot where VH = Ttr(o"V)

under the infinitesimal transformation:
V=(1+1B-i0)-0)V(1+1(B+i0) o)

Or using the cyclicity of the trace and defining a = (8 +10)/2:

Vi =1lwr[(1+a-o)o" (1+a-0) (V' +V.0o)]
Now, to first order in a:
(1+a-0)0’ (1+a-0)=(1+8-0)
And, using olo? = §9 + ik ok
(l+a-0c)oc(l1+a-0c)=0c+B+60xX0o
Thus, ~ .
Vi=v'4+ 3.V and V=V4+8V°+6xV

This is just the transformation of a Lorentz vector.

3.) Peskin & Schroeder 3.4 : Majorana fermions

(a)

Borrowing notation from problems 1 and 2 above, we define
Q 0
1 - « L
MA:eXp(_iwaﬁSB):< 0 QR>

Where,
QL =exp(—3i(0—iB)0o)

And using 0200? = —0* we have
R = a2 Qo
And

)
ot = o% (o")* o

From the properties of the v matrices we have
Oglor0L = A, 57 Qo0 = A, 0"

And

)
ota” +ovat = gto” + "ot = 29t

We consider the equation of motion for left-handed Majorana fermions

ig-9x —imoiy* =0



Where yx transforms as
X (Az) = Qrx(x)
Now,
—imo? () (Az) = —imo* Qs x*(x) = —imQpo?x*(z)

As in problem 1 above,
io - 0x' (Az) = Z'(Afl)”“ " Qr 9, x(x)

Or,
io - X' (Az) = iQra - Ox(x)

Thus the equations of motion are Lorentz invariant
ig - 0x' —ima? (xX')* = 0
Complex conjugating the equations of motion

—i(6")* 0, X" — ima® x = —io?ot o0, X" —ima® x = 0
Operating on this equation with (5 - 9)o? we find
oto” 00,0, x" + mPa’x* =0
Using,
"0 0,0, = L (c"e" +5"0") 0,0, = 0°
We find that x satisfies the Klein-Gordon equation

(82+m2)x =0

(b)

The action for Majorana fermions is
Shx, x*] = /d4:v [XTZE -Ox + %Zm (XTU2X — xTo2x*)]
To show that S = S* we first compute

[Lim (xa(0)arXe — X5(0D)aXs)] " = [2im (X (0D abXs — X6(0%)abXa) ]

*

Where we have used (xaxp)* = x;x5: and (02)* = —0?. Using xaXo = —XbXa We find

T 2.

[Sim (o~ x1o?x)] " = [bim (xalo®)arxo ~ xi(?)aoi)]

Using (6#)" we consider
[i a8 0uxs]” = [~ 53,0 X5 Xal
Ignoring surface terms we find
[xtio-0x]" = [iahuxiOuxal
Thus S = S*. Varying S with respect to x*

S X"+ ()] — S, x*] =~ /d43: [(5x)Tia - Ox — im (6x)To?X"]

This leads directly to the equations of motion

i - Ox —imo*x* =0



(c)

We write the Dirac Lagrangian as

o
L= (vl wk)(zim w%)(iﬁ

Setting vy, = x1 and Y = io?x}5
£ = xliz - 0x1 + x3i(0%00”) - Ox3 — imx]o®x; +imx5o®xu
Note that since (x1,x2) are Grassmann variables
X3i(0%00”) - 0x3 = —0x} - iox
Thus, integrating by parts
L= XIi& -0x1 + Xgiﬁ -0x2 — imXJ{UQX; +imx3o?x1

If we set x = x1 = x2 we find (twice) the Majorana Lagrangian. If we make this identification then the
U(1) symmetry y; — €?x; and x2 — e~*x5 of the Dirac Lagrangian is lost.

(e)

Consider the following form of the Weyl spinor components of a solution to the Dirac equation

000) = [ Gt g ST (0a0) 6 4 () (i) )

d p —ip-x * . * ip-x
on@) = [ s g VI ()&~ B R) (o) )
Here we have used the conventions of Peskin and Schroeder. The Majorana fermions satisfy the condition

X = vi(x) = —io® Pi()

Imposing this condition, after some algebra we find

as(p) = Bs(p)

Promoting as(p) to an operator as(p), x may be written as

W) = [ g g ST )6 ) (ioe) )

It may be verified that this satisfies the Majorana equation. Furthermore it may be seen that the canonical
anti-commutation relations
{Xa(); X} (¥)} = 0ap 8P (x — )

follow from the anti-commutation relations

{ds (p)a d;r" (k)} = (27T)3 Osr 5(3) (p - k)



To see this we write

@) = [ s g 2 @) A il ) B )

Where
As(p) = VP o &s By(p) = Vb0 (=ig?) &

Setting #° = y° = 0 and imposing the anti-commuation relations

3
{Xa(®). X} ()} = / 2p Lp ((As(p))a(As(p))zeip'“*y)+(Bs(p))a (Bs(p))ze*irr(xfy))

It may be verified that

D (A®))a (Asp)); = D (Bs))a (Bs(0))i = (P~ 0 )as

This leads directly to the canonical anti-commutation relations. The Hamiltonian may be constructed
from the Lagrangian for Majorana fermions. However it is straightforward to see that the Hamiltonian
takes the form expected from the projection of the Dirac equation

3
H = /(;ZT;EpZS:&Z(p)dS(p)

That is we simply identify the as(p) and bs (p) operators and, by convention, divide the action and thus
the Hamiltonian by two.

4.) Peskin & Schroeder 3.7 : PCT
(a)

We consider the discrete transformation properties of:
Yot ap where o = Sy

We begin with the parity operator P = PT = P~1:
P U)(tv X) P = FYO 1/}(ta _X)

Now, since (7°)T =4,
Po(t,x)P = (Pu(t,x)P) 1° = d(t,—x)°

Thus,
(P v P) (t.x) = (PYP" PYP) (t.x) = (¥7° 0" 7 v) (t,—x)
Now,
,YO 0,03 ,_Y O,Oj and ,YO O.jk ,YO — o,jk
Thus,

(P ¢ P)(t,x) = n*n™ (ot ) (t,—x)



Where no summation is implied.

Next we consider the time reversal operator 7 =71 =7"1:

71/)(15#() T = - Fyl 73 7/1(—157X)

7T is an anti-linear operator so that:

TH(x)T = (Tt T) (1) = (=" (=t,%))" 1
Since (v*)T = 4%9#4° we find:

To(t,x)T = =1 (=t,x) (V)T (*)T1° = (-1, x) 7' *
Thus,

(Tho™ ¢T) (t,%) (THT (o™) TYT) (t,x)

= (#,7173(0#1/)*73711#) (—t,x)

Now, in the Weyl representation:

(V) =" (Y =~ (V) = -9 ) =
And, .
7/ * *
(o) = =5 [(")" (")
Thus, using the v matrix algebra:
VP (02) P = AP et = ot
P (0P) P = ety = 0%
() P = =BTyt = o™
And,
() P = =%t = o
7' (6P) P = APyt = %
7173(003)*7371 = —v 730,03,}/3,}/ — 0,03

Thus, again with no summation implied:
(TZZU#UU)T) (t,X) = —77””7711’/ (ZZU#UZ/}) (—t,X)
We now consider the charge conjugation operator: C = CT =C~1:

cye = —i (91°42)"
Thus,



And,
Chor e = CPCa™ CpC = (V) 720" (37°72)"

Now, in the Weyl representation:

()T =" (W' = = () =+ ()" = =
Thus, - - -
CPa pC = YT 270" 42007 = 4042 ()T 10424
Now, .
7
(o) = -5 [T )"

Thus, using the v matrix algebra:

A0 52 (012 )T AO0A2 = A0424512,0,2 ;12
102 (0% )T AOa2 = A042428,002 ;23
4042 (031)T”yo’y2 = 0425314042 = g8l
And,
P2 (0) 1092 = 092094092 = — o
4042 (002)T7072 = 4042502,0,2 ;02
1042 (o )T AOa2 = 4042508,042 ;03
Thus, - -
ChoM hC = —h o oh
(b)

We now consider the complex scalar field:

&3 1 . )
o) = [ 3l (ape ™" + bher)

(2m)3 \/2E,
The parity operator acts as:
PapP = a_p and PbpyP =bp

Thus,

Po(t,x) P

DO

- §

d3p 1 —ip-x T ip-x
[

—iBpt—ip-x t iEpt+ip-x
(ape + bper )

_ / d’p
= | @y SR,



The anti-linear time reversal operator acts as:
TapT = a—p and TopT =b_p

Thus,

d3p 1 ) )
To(t,x)T = p e 4 b e
6(t,%) /(%)3 = (azpe pe )

- 3

o d3p ( iBpttipx | pf —iEpt—ip-x)
= ] @3 2E, \P° P

= ¢(_t7 X)

j

The charge conjugation operator acts as:
CapC = by and CbpC = ap

Thus,
dgp 1 —ip-x ip-x
Co(x)C = /—(%)3 g (e +ape™™) = oo

We now consider the transformation properties under P, C and 7 of the current associated with the
U(1) symmetry:
T =i (6" (0"9) — (9"¢")¢)

We begin with the parity operator:

P J”(t7 X) P =i ((bT (tv —X) 8H(¢(t7 _X)) - a“(¢T (t7 _X)) ¢(t= —X) )

Now,
6H(¢(t7 —X)) = (6“¢)(t, _X)

Thus,
P I, x)P = n't JH(t, —x)

For time reversal:
T Jﬂ(tv X) T =—i (¢T(_t7 X) 6#(¢(_t7 X)) - (9‘“(¢T(—t, X)) ¢(_t7 X) )

Now,
o(p(—t,x)) = —n"" (0"9)(t, —x)

Thus,
T Jt,x)T = nh* JH(—t,x)

For charge conjugation:

CJHC = i(p(0'¢") — (0"9)9') = —J*

This may be seen since J* is normal ordered and it may be seen that:

11 () p(y): = :0(y) @' (2):
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(c)
Any Hermitian Lorentz scalar built from 1 and ¢ may be written as a sum of products of Hermitian
tensors, and their derivatives, which are quadratic in the fields. We consider the transformation properties
of such tensors for the complex scalar and Dirac spinor fields under © = CP7 . For the Dirac field we
consider:

b Wy by oy paty

for the complex scalar field we consider:
ol J" =i(¢"(0"¢) — (0"¢")¢) "¢t 0”9

As can be seen from the results of part (b) and the table on pg 71 of P+S, all tensors with an even(odd)
number of indices are even(odd) under © . Furthermore the derivative operator d,, is odd under © . Thus,
since all scalars are a contraction of an even number of indices, all Hermitian Lorentz scalars are invariant
under © .
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