QFT 1 : Problem Set 4

1.) Peskin & Schroeder 3.5 : Supersymmetry

In the interest of notational consistency with problem 2, we will adopt conventions that are common in
treatments of supersymmetry. This will require us to rewrite expressions appearing in P&S. The following
conventions are similar to those appearing in Ryder and in Bailin and Love. Wess and Bagger also use
similar conventions except for the sign of the metric. There is a review by Lykken (hep-th/9612114) that
uses somewhat different conventions. I highly recommend it for aspiring string theorists since it discusses
dimensions other than four and places emphasis on formalism rather than phenomenology.

We represent Dirac spinors as:
«

0 o
o
"= (o 7)

Thus the o matrices have the following index structure:

The ~ matrices are given by:

—p\B
(Uu)ﬁa (@) “
We raise undotted indices and lower dotted indices as follows:
1/)a — Eaﬁ 1/)[1 Yo = 60‘4[3 P_Cﬁ

Note that we act with the second index of the e tensor. We introduce inverses to raise dotted indices and
lower undotted indices: . _
B T 5&7 €as P = 557

Note that it is not consistent to raise or lower indices on the ¢ tensor itself since:

P My = 1 = —Y

€s

This problem can be easily resolved (see Wald (1984)) but we will stick with the conventions as they
appear in most of the literature and avoid raising and lowering indices on the € tensor.
We use the following explicit forms for the o and € tensors:

ot = (1,0) ot = (1,-0)

And, _
€af = €45 = —io? P = 48 = jo?

We introduce the following conventions for Lorentz invariant quantities:

XU = X%%a = —Yax® =9V xa = VX

Where we have used the Grassmann character of the fields and the antisymmetry of €.
Similarly,

X% = Xad® = =9 %a = YaX® = ¥X
We define complex conjugation to act as:
(¥a)" = Ya (x*) =x"



With the following action on products of Grassmann variables:
(Y% xp)" = x9°
We also define the Lorentz vector quantities:

X" = X (") 5 07 = =15 (3") 7 xa = — 5" x
Where we have used:

P (0“)&5‘ P = — (6“)&1 or o2 (U“)T o = gh

I will not provide a detailed description of the Lorentz transformation properties of the various spinor
types. The reader is encouraged to consult any of the references mentioned above or in the homework
statement. Further conventions and identities will be introduced as needed.

(a)
We write the Lagrangian appearing in P&S in the above conventions:
L=0¢"-0p+ixcg-Ox + F*'F

P&S writes the supersymmetry transformation as:

b = —ielo?y
o = €F + o0-0pc’e"
SF = —ic'g -0y

These are written in the above conventions as:

op = €x
OXa = €F — i (J“)ad€é‘8ﬂ¢
0F = —i€éad-0x

We consider each term in the Lagrangian separately. We begin with:
Ly = 00" - 0¢
Under the supersymmetry transformation:
6Ly = 0(6¢)" - 0¢ + 09" - 9(69)

Now, _
(60)" = (" Xa)" = Xa€" = €X
Thus,
0Ly = €0X-0¢ + 0¢™ - Ox e

We now consider the supersymmetry transformation of:
Ly =ixo-0x = iXa (") 9uxp

We have:



Now,
e = e F* 4+ ((0"),, ) € 00"
Where we have renamed indices on ¢ to comport with the convention for the complex conjugate. Now,

since (o#)1 = o
((0")ia)" = (0")aq

Thus,
5)2@ = gd F* + 7€ (U#)ad (%d)*
And

3

0Ly, = i€(o-0x)F* — ecot (7-0x) 00" + ixa" €0, F + xct'c"€D,0,¢

We now consider:
Lr = F*F so that 0Lrp = 0F*F + F*§F

Now

3

Thus,
0Lp =i (Oux)c" eF —iF"€q-0x

Returning to 6L, , we integrate the second term by parts and use the identities,
(gtc” 4+ g%c") = (o"3" + o"a") = 29
to find:
6Ly = — 0y (€0"5" x0,0") + i F*€5-0x + ixo" €I, F + ex0%¢* + ved*¢

Considering 0L, , we integrate both terms by parts:

6Ly = 0, (YEO'D + exO"d*) — ex 90" — X€%P
We integrate the first term of L by parts:

0Lp = 0, (ixc"eF) —ixo'ed,F —iF €q-0x
Thus, collecting terms, we find that 0L is a total divergence:

0L = 0, (x€0"¢ + ex0"¢" +ixd"eF — ecta” x0,0")

(b)
We now introduce the following additional term to the Lagrangian:

m

AL =m(¢F + ¢'F") - 3

(XX + XX)

Where we have transcribed the notation of P&S into that introduced above.
We define AL = Q + Q* where:

Q:maﬁF—%xx

Under the supersymmetry transformation we have:

00 = mopdF + mopF — mxdy

Thus,
0 = —im¢peo-0x + imxo' €,



Or, using yot e = —eat x:

0 =0, (—imoeax)
Thus, up to a total divergence, AL is invariant under the supersymmetry transformation. We now write
out the augmented Lagrangian:

m

L+ AL =06 00 +ixo-0x + F'F + m(6F + ¢'F*) - 2

(xx + XXx)
Using the equations of motion for F',
F*+m¢=0

We rewrite the Lagrangian as:

L+ AL = 0¢" - 0p — m*> ¢ ¢ +ixa-Ox — %(XXJMU()

This is the Lagrangian for a complex scalar field and a Majorana spinor field of equal mass. Please see
P&S problem 3.4.

(c)
We now consider a Lagrangian which contains the fields (¢;, x;, F;) fori=1...n:
L=0¢;-0¢; +ixic-Oxi + F/F; + T +T7

Where,
1
I'=EW:, - EWinin
Where we introduce a superpotential W[¢| and define:

_ _ OWgl
Wi = 20
P = 0i, ... b,

For instance, the Lagrangian in part (b) corresponds to W[¢] = m¢?/2. We have already shown in part
(a) that the first three terms yield a total derivative under the supersymmetry transformation:

dpi = exi
(5)(1')& = GQE — 1 (U“)ad?‘a#gbi
5Fz = —1€0 - 8)(1

Note that we use the same Grassmann parameter e for each component of the respective fields. Thus to
prove that £ is supersymmetric we examine:

1
= Wijk Xi Xj 00k

0L = 0Fi Wi + Fy Wij 05 — Wi Xi0xj — 3

5F = —i€6-8XiWi+FiWijexj—WinieFj
. _ 1
—|—’LWZ'J' XZ'O'“E(‘?#QZ/)J' — Eka XinEXk

From the symmetry of Wj; :
Wij (EXJ'E — FinE) = 0

Also, using x;ot€ = —€éat x;:

—iéﬁ'aXiWi = i(@uxi)o”EWi = au(iXiO'MEWi) — iWini0M€6M¢j



Thus,
1

2

We could now introduce a Fierz identity but it is simpler to define y; = (a;, b;) and write:

O = 0, (ixic" €W;) — = Wijk Xi Xj € Xk
XiXj€xe = (biaj — a;bj)(e2ar — e by)

Upon expansion, each element in this product is anti-symmetric under exchange of one pair of indices.
Since W;jy, is totally symmetric, the second term in 6I" vanishes and we have:

5F = 8ﬂ(iXiJ“€Wi)

Thus L is supersymmetric.
We now consider n = 1 and W|[¢| = g¢*/3:

L=08¢"0¢+ixs-0x + F'F+T +T*

Where,
I'=Fg¢® — goxx

The equation of motion for F' yields:
F*+g¢° =0

Thus, after some algebra:
L=0¢"-00 — g°(¢"9)" +ixo-0x — g($xX + ¢"XX)
This leads to the following equation of motion for ¢:
¢ + 29" ¢(¢70) + g¢"XX = 0

And for x:
ig-0x — 290"y =0



2.)
(a)

We introduce the superspace representation of the supersymmetry generators:

Qo = 9 i (") e 0% O and Qs

= R o)
o6 [ i0 (0)

fe%es aH

~ 96%

To find the anticommutator algebra of Q, and Q4 we must compute a total of 10 terms. First we have,
trivially:

g 0 g 0 o 0
(age a7 = (ag= ) = Lo o) = ©
Defining, . —
Aa = i(o"u)ao‘z 0 6;,L and Ad =10 (Uu)ad 6“
And using, .
{6%,0°} = {6%,0%} = {#*,0°} =0
We find: _ _
{AOMAﬁ} = {AavAdé} = {AOHA[}} = O
Also since,
0 Ny d ay
%,9 }—{Wﬁ } =0
We find: P o
Loge Aot = g Ash =0
Finally, since,
o 0
9 8y _ 58 9 a8y _ 5B
g+ 0" = o and - {gg 07 =9
We find:
(A = (L Ay =m0
90 gs = 09’ B = 0" )aa

The above relations lead to:

{Qanﬁ} = {Qav@ﬁ} =0 and {Qaan} = -2 (O'H)ad 8#
Introducing the derivative operators:

Da:aaw‘i-/la and Dd:i

We find: o -
{Da, D} = {Da, Dy} = 0 and {Du,Ds} = 2i (")

And
{Qa.Ds} = {Qa, Dy} = {Qa, Da} = {Da,Qa} = 0



(b)

The super-derivatives:

0

Dy = 0% +i6% O+
Let us start by writing the super-charges:
0 :
Qs = EYE i0* Ox

One can easily verify that the above definition of supercharges satisfy the correct algebra:

{Q+,Qs} = —2i0F0,
{Q+.Q-} = 0
{Qe, Di} = 0
{Q+7D—} =0

The 1 + 1 d super-field is:
D(24,04) = ¢(x) + 0 xx(x) + 6767 F(x)

The given SUSY transformations are:

5¢ = e xx
X+ = €T F—ietdio
or = —ieiaﬁ:){$

Let us consider:
6 = [¢*Q4,®] = [e7Q4, D] + [ Q_, D]
We know that:

Q.. 0]

[ﬁa%, @} _i[et0va,, 9]
= €y + €0°F — iet 00 ¢ — ieT0T07 0
We may similarly evaluate [e~@Q_, ®] and add the 2 contributions to obtain:
00 = eFxa + 0F(ieT0rh £ €TF) + 0107 (Fietdrxs)
Comparing with the transformation of the 1 + 1 d super-field:

5O = 8¢ + 0F6x. + 070 OF

We find:
5 = € xx
ox+ = +eTF4ietdre
§F = +ietoixs

This matches the given SUSY transformations up to a few signs.



Let us now take a look at the SUSY Lagrangian and check whether it reduces down to the expected
1+ 1d form:

L= /d2xd29(D+q>D_<1> + W[®])

We know that:

0
D+(I) = <E —|— Z9+8+> (Qb —|— eiXi —|— 9+97F)
= X+ —|— 97F + 19+3+¢ + 7:94»9784,)(7
D& — (a% + m—a_> (6 + 6%xs + 670 F)

= x_. —0TF +i070_¢ —i0T070_x,
Since the #s anti-commute with each other #? = 0, and the Kinetic part of the Lagrangian simplifies to:
L = / A’z d*0(Dy®D_®)
= / d*x dot do~ [Xerf + 0% (o F + z';@aigz))]
+/ d?xdot do 010 (ixe0xx+ + F* — 0100-0)
We now make use of the following properties of Grassmann variable 6:
/ dotdo- = 0
/ dotdo 6= = 0

/d9+d979+97 = -1

The Lagrangian then simplifies to:
Lic = [ @o@000-0 — ixsdrxs - F?)
which is the expected form of the Kinetic Part of the 1 + 1 d Lagrangian.

Now let us move on to check the interaction term and expand it to second order in 8 keeping in mind
that only the term having 070~ survives because of the integral property of Grassmann variable 6:

Lr = /dzdeGW[q)]
1 2
_ /d2:v— oW
2 00700t |- _,
We now evaluate the partial derivatives as follows:
ow ow _
ot~ gp Xt E)
2w A P 2w
90-00% |,. _, 09 926




Putting all of this together we finally arrive at the expected form of the complete 1 + 1 d lagrangian
which we may now write as follows:

L = /d2:17 (0400-¢ — ix+0xx+ — F?)
oW 2W
2 —_—

+ [ (a¢ Ft 55 ”*)

3.) Peskin & Schroeder 9.2 (d)

We begin with the following Euclidean Lagrangian for a Fermionic oscillator where 1(t) , 1(t) are Grass-
mann fields:

Lp = 9 + wipv
We compute the partition function:
B (B)=—%0 B _
Z(B) = /171/10171/10/ 0 /DU) )DY(1) eXP[ /o dt Lp[, 7/’]]

We first introduce an expansion for ¢ in terms of anti-periodic functions:

; I :
Y(t) = ., e2min+1/2)t/B and T, = — / 1/}(t)6727rz(n+1/2)t/ﬁ
> 7

1
VB
Computing the Euclidean action, we find:

/ dt Lg[v, ] Z O Ty 0y, where Qn, = (2mi(n+1/2)/8 + w)

0

We make the substitution:

| PéwDuy /w f::_w [ Piwput - I1 [ sz,

7 = H/dd_?nd.fcneiﬂni"zn - H/djnd-rn (1 - Qna_:nx") = HQ"

Where we have used the fact that z,, , 7, are Grassmann variables so that:

Thus,

{xnvxm} = {xn;fm} = {jn;fm} =0
And,
/dfcn dr, = 0 and /din AT, Tp Tp = 1
Defining o = (im/2 + fw/2) so that ,, = 2/ (imn + «) , we find:
n=1 n n=1

Using the product representation of sinh(z) given in P+S:

(2i/3) H 2mn) ] (—i sinh(a))

Thus, dropping the infinite w-independent factor in brackets:
Z(B) = —i sinh(a) = cosh(fw/2)



