
QFT 1 : Problem Set 5

1.) Peskin & Schroeder 4.1

We begin with the Shroedinger picture Hamiltonian for a real Klein-Gordon field interacting with an
external source:

HS(t) = H0 −
∫

d3x j(x, t)φ(x)

Here H0 is the normal-ordered free Klein-Gordon Hamiltonian and φ(x) is the field operator in the
Shroedinger picture. That is,

φ(x) =

∫

d3p

(2π)3
1

√

2Ep

(

apeip·x + a†
pe−ip·x

)

And,

H0 =

∫

d3p

(2π)3
Ep a†

p ap

We consider a state vector in the interaction picture:

|ΨI(t)〉 = eiH0t |ΨS(t)〉

From the Schroedinger equation we find:

i ∂t |ΨI(t)〉 = HI(t) |ΨI(t)〉

Where,

HI(t) = eiH0t (HS(t) − H0 ) e−iH0t = −
∫

d3x j(x, t)φI(x, t)

And,

φI(x) =

∫

d3p

(2π)3
1

√

2Ep

(

ape−ip·x + a†
peip·x

)

The equation of motion has the formal solution:

|ΨI(t2)〉 = U(t2, t1) |ΨI(t1)〉

Where, introducing time-ordering, we have:

U(t2, t1) = T

[

exp

(

−i

∫ t2

t1

dt HI(t)

)]

(a)

We consider the amplitude for the system to evolve from the Schroedinger picture vacuum |ΩS(−τ)〉 at
time −τ to the Schroedinger picture vacuum |ΩS(τ)〉 at time τ in the limit τ → ∞ . In the interaction
picture this is given by:

A(0) = lim
τ→∞

〈ΩI(τ)| U(τ,−τ) |ΩI(−τ)〉

The Schroedinger picture vacuum is defined by:

HS(t) |ΩS(t)〉 = 0 and 〈ΩS(t)| ΩS(t)〉 = 1

1



We assume that j(x, t) = 0 for |t| ≥ τ . Thus,

HS(±τ) = H0 and |ΩS(±τ)〉 = |0〉

Here |0〉 is the free Klein-Gordon vacuum defined by:

H0 |0〉 = 0 and 〈0|0〉 = 1

Thus,
|ΩI(±τ)〉 = e±iH0t |0〉 = |0〉

This leads to:

A(0) = 〈0| T

[

exp

(

i

∫

d4x j(x)φI (x)

)]

|0〉

Thus the probability for vacuum to evolve to the vacuum is:

P (0) = |A(0)|2 =

∣

∣

∣

∣

〈0| T

[

exp

(

i

∫

d4x j(x)φI (x)

)]

|0〉
∣

∣

∣

∣

2

In what follows we drop the I subscript and write φI(x) as φ(x) . Also, where convenient, we write φ(x)
as φx or φ(xi) as φi. We also abbreviate

∫

d4x as
∫

dx .

(b)

We consider the expansion of A(0) to O(j2) :

A2(0) = 〈0| T

[

1 + i

∫

dx jx φx − 1
2

∫

dx dy jx jy φx φy

]

|0〉

Since 〈0|φx |0〉 = 0 , we have A2 = 1 − λ/2 . Where we define:

λ =

∫

dx dy jx jy 〈0|T (φx φy) |0〉

Since,

〈0|T (φx φy) |0〉 = DF (x − y) =

∫

d4p

(2π)4
i e−ip·(x−y)

p2 − m2 + iε

We have:

λ =

∫

d4p

(2π)4
i ̃(p) ̃(−p)

p2 − m2 + iε
where ̃(p) =

∫

d4x eip·x j(x)

To O(ε) , writing ω = p0 and Ep =
√

p2 + m2 , we have:

p2 − m2 + iε = (ω − γε) (ω + γε) where γε = Ep − iε/(2Ep)

Thus,

λ =
i

2π

∫

d3p

(2π)3

∫

dω
|̃(ω,p)|2

(ω − γε) (ω + γε)

Where we have used the reality condition ̃(−p) = (̃(p))
∗
. Closing the ω contour in either half-plane, we

find:

λ = λ∗ =

∫

d3p

(2π)3
|̃(p)|2
2Ep

Thus, to O(j2) :

P2(0) = |A2(0)|2 = 1 − (λ + λ∗) /2 = 1 − λ
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(c)

We represent λ as a Feynman diagram with external sources:

λ = =

∫

dx dy jx jy 〈0|T (φx φy) |0〉

We now demonstrate that the vacuum to vacuum amplitude may be written as:

A(0) = e−λ/2 = exp
[

− 1
2

]

We first expand the exponential in A(0):

A(0) = 〈0| T

[

exp

(

i

∫

d4x j(x)φ(x)

) ]

|0〉

=

∞
∑

n=0

in

n!

[

n
∏

k=1

∫

dxk jk

]

〈0|T (φ1 . . . φn) |0〉

We now expand the time-ordered product using Wicks theorem. Terms in which n is odd vanish. For a
given n there are (n − 1)!! terms, each of which is a product of n/2 Feynman propagators. Since we are
integrating with products of the sources j1 . . . jn , we may change variables to obtain (n − 1)!! identical
terms:

A(0) =

∞
∑

n=0
even

in

n!
(n − 1)!!

(
∫

dx dy jx jy 〈0|T (φx φy) |0〉
)n/2

=

∞
∑

n=0
even

in

n!
(n − 1)!! λn/2

Now, for n = 2m :
(n − 1)!!

n!
=

1

2m m!

Thus, as above,

A(0) =

∞
∑

m=0

(i)2m

m!
(λ/2)m = e−λ/2

(d)

We now consider:

A({k}) = 〈k| T

[

exp

(

i

∫

d4x j(x)φ(x)

) ]

|0〉

We first compute this amplitude to O(j) . Now, from |k〉 =
√

2Ek a†
k |0〉 , we find:

〈k|0〉 = 0 and 〈k| φ(x) |0〉 = eik·x

Thus,

A1({k}) = i

∫

d4x j(x) eik·x = ̃(k)
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We might consider the probabilty density in momentum space to be the square of this amplitude but this
would treat the integration measure too naively. Rather we should first introduce the projection operator
onto the single particle subspace of the full asymptotic Fock space:

11 =

∫

d3p

(2π)3
1

2Ep

|p〉 〈p|

The probability of finding a single particle in the outgoing state is:

P (1) =

∫

d3p P ({p}) = tr (11 |out〉 〈out| )

Here,
|out〉 ≡ S |0〉 where S ≡ lim

τ→∞
U(τ,−τ) = T e i

R

dx j(x) φ(x)

Thus,

P (1) =

∫

d3p

(2π)3
1

2Ep

|〈p|S |0〉|2

Or,

P ({p}) =
|〈p|S |0〉|2
(2π)3 2Ep

=
|A({p})|2
(2π)3 2Ep

Thus to O(j) :

P1({p}) =
|̃(p)|2

(2π)3 2Ep

We now consider this quantity to all orders in j :

A({p}) = 〈p|S |0〉 =

∞
∑

n=0

in

n!

[

n
∏

k=1

∫

dxk jk

]

〈p|T (φ1 . . . φn) |0〉

At a particular point in the 4n dimensional space being integrated over at order n , we have some
permutation of the fields due to time-ordering:

〈p|T (φ1 . . . φn) |0〉 =
√

Ep 〈0|ap φπ1
. . . φπn

|0〉

=
√

Ep 〈0| [ap, φπ1
. . . φπn

] |0〉

=
√

Ep

n
∑

j=1

〈0|φπ1
. . . φπj−1

[ap, φπj
]φπj+1

. . . φπn
|0〉

=
√

Ep

n
∑

j=1

〈0|T
(

φπ1
. . . φπj−1

φπj+1
. . . φπn

)

|0〉 [ap, φπj
]

Here we have re-introduced the time-ordering since the ordering is preserved and removed the commutator
since it is a c-number:

[ap, φ(x)] =
1

√

Ep

eip·x

Since we are integrating with products of the sources j1 . . . jn , we may change variables to replace the
index πj with n :

[

n
∏

k=1

∫

dxk jk

]

〈p|T (φ1 . . . φn) |0〉 = n ̃(p)

[

n−1
∏

k=1

∫

dxk jk

]

〈0|T (φ1 . . . φn−1) |0〉
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Thus, since 〈k|0〉 = 0 , we have:

A({p}) =
∞
∑

n=1

in

n!
n ̃(p)

[

n−1
∏

k=1

∫

dxk jk

]

〈0|T (φ1 . . . φn−1) |0〉

Or, changing the limits of the sum:

A({p}) = i ̃(p)A(0) = i ̃(p) e−λ/2

Thus, to all orders in j :

P ({p}) = e−λ/2 |̃(p)|2
(2π)3 2Ep

where λ =

∫

d3p

(2π)3
|̃(p)|2
2Ep

(e)

We now consider the projection operator onto the n-particle subspace of the Fock space:

1n =
1

n!

[

n
∏

k=1

∫

d3pk

(2π)3
1

2Epk

]

|p1 . . .pn〉 〈p1 . . .pn|

Here the n! comes from the Bose symmetry of the scalar field. Also,

|p1 . . .pn〉 =

[

n
∏

k=1

√

Epk
a†
pk

]

|0〉

The probability to create n particles is:

P (n) = 〈0|S† 1n S |0〉 =
1

n!

[

n
∏

k=1

∫

d3pk

(2π)3

]

|〈0| [∏n
k=1 apk

] S |0〉|2

Using the result from part (d), we find:

〈0| [∏n
k=1 apk

] S |0〉 = 〈0|S |0〉
n
∏

k=1

i ̃(pk)
√

Epk

Thus,

P (n) =
1

n!
|〈0|S |0〉|2

(

∫

d3p

(2π)3
|̃(p)|2
2Ep

)n

=
1

n!
λn e−λ

(f)

Some facts about the Poisson distribution:
∞
∑

n=0

P (n) = e−λ
∞
∑

n=0

1

n!
λn = 1

〈N〉 =

∞
∑

n=0

n P (n) = e−λ
∞
∑

n=1

n
1

n!
λn = λ e−λ

∞
∑

n=0

1

n!
λn = λ

〈

N2
〉

=

∞
∑

n=0

n2 P (n) = λ e−λ
∞
∑

n=1

n

(n − 1)!
λn−1 = λ e−λ

∞
∑

n=0

(n + 1)

n!
λn = λ (λ + 1)

Thus,
〈

(N − 〈N〉)2
〉

=
〈

N2
〉

− (〈N〉)2 = λ
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2.) Peskin & Schroeder 4.2

We begin with the Lagrangian:

L = 1
2

[

∂Φ · ∂Φ − M2Φ2
]

+ 1
2

[

∂φ · ∂φ − m2φ2
]

− µ Φ φ2

We consider the rate at which a Φ particle decays into two φ particles to first order in µ .
We have the (connected and amputated) amplitude:

(2π)
4

δ4 ( p0 − (p1 + p2)) iM = 〈p1 p2 | T
(

e−i
R

d4xHI (x)
)

|p0 〉

Where,
HI = µ Φ φ2

In what follows p0 = (M,0) . For this choice of p0 the decay rate is given by:

dΓ =
1

2
(2M)−1

(

d3p1

(2π)3
1

2 Ep1

)(

d3p2

(2π)3
1

2 Ep2

)

|M|2 (2π)
4

δ4 ( p0 − (p1 + p2))

Here the factor of 1
2 comes from the Bose symmetry of the outgoing φ particles. Working to first order

in µ we consider the following amplitude:

(2π)
4

δ4 ( p0 − (p1 + p2)) iM = −i µ

∫

d4x 〈p1 p2 | Φ(x)φ(x)φ(x) |p0 〉

This corresponds to the following Feynman diagram:

p0

p1 p2

Defining Ep(µ) =
√

p2 + µ2 , we use the following expansions for the fields:

Φ(x) =

∫

d3p

(2π)3
1

√

2 Ep(M)

(

ap e−ip·x + a†
p eip·x

)
∣

∣

p0=Ep(M)

And,

φ(x) =

∫

d3p

(2π)3
1

√

2 Ep(m)

(

bp e−ip·x + b†p eip·x
)
∣

∣

p0=Ep(m)

We have the states:

|p0 〉 =
√

2 Ep0
(M) a†

p0
| 0 〉
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And,

|p1 p2 〉 =
√

2 Ep1
(m)

√

2 Ep2
(m) b†p1

b†p2
| 0 〉

From,

[Φ(x), a†
p] =

e−ip·x

√

2 Ep(M)
and [φ(x), bp] =

eip·x

√

2 Ep(m)

We find:
〈p1 p2 | Φ(x)φ(x)φ(x) |p0 〉 = 2 e−i ( p0−(p1+p2))

Thus iM = −2iµ and

Γ =
µ2

M

∫

d3p1

(2π)3
1

2 Ep1

∫

d3p2

(2π)3
1

2 Ep2

(2π)
4

δ4 ( p0 − (p1 + p2))

Where here and below Ep = Ep(m) . Making use of p0 = (M,0) and

∫

d3p

(2π)3
1

2 Ep

=

∫

d4p

(2π)4
(2π) δ(p2 − m2) θ(p0)

We find:

Γ =
µ2

M

∫

d3p

(2π)3
1

2 Ep

(2π) δ((p0 − p)2 − m2) θ(M − Ep)

Using (p0 − p)2 = M2 − 2MEp + m2 , we have:

δ((p0 − p)2 − m2) θ(M − Ep) = δ(M2 − 2MEp) θ(M − Ep) = (2M)−1 δ(Ep − M/2)

From d3p = |p|EpdEpdΩ :

Γ =
1

4π

µ2

M2

∫ ∞

0

dEp

√

E2
p − m2 δ(Ep − M/2)

Or, finally,

Γ =
M

8π

µ2

M2

√

1 − (2m/M)2
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3.)

We consider the action for a massless scalar field in d dimensions:

S [φ, γ] = 1
2

∫

ddx
√

γ γab ∂aφ∂bφ

Here we write the action in a form that is manifestly invariant under diffeomorphisms. However we will
only consider metrics that may be brought to the Minkowsi form ( γab = ηab ) by a suitable coordinate
transformation. We consider the behavior of the action under a scale transformation:

S
[

eασφ, e2σγ
]

= 1
2

∫

ddx
√

γ e(d−2)σ γab e2ασ ∂aφ∂bφ = e(2α+(d−2))σS [φ, γ]

Thus the action is invariant if α = −(d − 2)/2 . This transformation takes a perhaps more familiar form
if we compose it with a diffeomorphism which compensates for the transformation of the metric. Such a
transformation amounts to a coordinate change under which the action is trivially invariant. That is we
consider:

S
[

eασφ, e2σγ
]

= S
[

eασφ̃, e2σγ̃
]

Where,

φ̃(x̃) = φ(x) and γ̃ab(x̃) =
∂xc

∂x̃a

∂xd

∂x̃b
γcd(x)

Choosing the x coordinate system such that γab = ηab and taking x̃ = eσx we find:

eασφ̃(x) = eασφ(e−σx) and γ̃ab(x) = γab(e
−σx) = ηab

Thus writing the action as,

S [φ] ≡ S [φ, η] = 1
2

∫

ddx ηab ∂aφ∂bφ

If we choose α = (d − 2)/2 , we find that:

S [φ] = S [φ′
σ ] where φ′

σ(x) = e−σ(d−2)/2φ(e−σx)

Note that this is not in general equivalent to the application of a coordinate transformation on φ, leaving
the metric alone, as would be true for a Poincare transformation. However for d = 2 the transformation
is equivalent to a coordinate transformation applied to φ . In fact, for d = 2 , S [φ, γ] is invariant under
the larger group of conformal transformations for which σ = Λ(x) . This is also true of the action for the
electromagnetic field in d = 4 . These considerations have a consequence for the form of the stress tensor.
Consider an infinitesimal variation of the action under a conformal transformation:

S
[

eαΛφ, e2Λγ
]

− S [φ, γ] =

∫

ddx

[

α
δS

δφ
φ + 2

δS

δγab
γab

]

Λ(x)

If the action is invariant under a conformal transformation, and thus under a scale transformation, then
if α = 0 we find:

2
δS

δγab
γab ≡ √

γ T ab γab = 0

Thus the stress tensor is traceless for conformally invariant actions when the fields transform trivially.
This is true of the massless scalar field in d = 2 since, in Minkowski space:

Tab = ∂aφ∂bφ − 1
2 ηab ∂cφ∂cφ

It is also true of the electromagnetic field in d = 4 where:

Tαβ = FαµFνβ ηµν + 1
4 ηαβ FµνFµν
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It is important to note that nowhere above is mention made of the equations of motion. Current conser-
vation is a consequence of the equations of motion but symmetries do not involve them. It is a nontrivial
statement in a quantum field theory to say that a current associated with a symmetry of the action has a
divergence with a vanishing expectation value. Sometimes an anomaly arises which causes the expecta-
tion value to be non-zero. Such a violation of the above conformal symmetry arises for the bosonic string
and avoiding it fixes the dimension of a flat spacetime to be 26 .

(a)

We now consider the group of the Poincare transformations extended by dilations (scale transformations).
We consider the action of the Lie algebra of this group acting on functions which have zero scaling
dimension (α above). Thus for such a function f(x) we have:

f̃(x̃) = f(x) or f̃ = exp [ i λα Gα ] f

Here Gα is an element of the Lie algebra with λα parameterizing the group manifold. The respective
generators are defined as follows:

Translations: x̃µ = xµ + aµ

λα Gα = ab Pb where Pb = i ∂b

Lorentz Transformations: x̃µ = exp
[

−i 1
2 ωab Lab

]

xµ

λα Gα = 1
2 ωab Lab where Lab = i (xa ∂b − xb ∂a )

Dilations: x̃µ = eσ xµ

λα Gα = σ D where D = i xb ∂b

We now compute the algebra. We know that (see P&S):

[Pµ, Pν ] = 0 [Lµν , Pα] = i ( ηναPµ − ηµαPν )

And,
[Lµν , Lαβ] = i ( ηναLµβ − ηµαLνβ − ηνβLµα + ηµβLνα )

We compute:
[Pµ, D] = −[∂µ, xα∂α] = −∂µ = i Pµ

Also,
[Lµν , D] = −[xµ ∂ν − xν ∂µ, xα∂α]

Now,
[xµ ∂ν , xα∂α] = xµ[∂ν , xα]∂α − xα[∂α, xµ]∂ν = 0

Thus,
[Lµν , D] = 0

We now derive the Noether current associated with the scaling symmetry. We return to the scalar
field Lagrangian:

S [φ] =

∫

ddxL [φ] = 1
2

∫

ddx ηab ∂aφ∂bφ

Under the scaling transformation,

φ′
σ(x) = e−σ(d−2)/2 φ(e−σx)
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We find:
L′

σ [φ] (x) ≡ L [φ′
σ] (x) = e−σd L [φ] (e−σx)

Thus L transforms as a density. We could have found the scaling dimension of φ by imposing this property
but it is perhaps more satisfying to have this property manifest and explicitly introduce the scaling of
the metric.

We derive the Noether currents as in P&S:

δL = ∂a

(

∂L
∂(∂aφ)

δφ

)

Now,
δL = L′

ε − L = −ε (d + xa∂a)L = −ε ∂a (xaL)

And,
δφ = φ′

ε − φ = −ε [(d − 2)/2 + xa∂a] φ

Thus,
∂a (xaL) = ∂a

(

∂aφ
[

(d − 2)/2 + xb∂b

]

φ
)

From,

T ab =
∂L

∂(∂aφ)
∂bφ − ηabL

We find,
xaL = ∂aφ xb ∂bφ − T abxb

Thus we have the Noether current:

Ja
D = T ab xb + (d/2 − 1)φ∂aφ

Note the second term arises since the stress tensor is not in general traceless.
We now consider the Noether charge D̂ . Setting α = (1 − d/2) :

D̂ =

∫

d(d−1)x
(

T 0a xa − α φ∂0φ
)

= t Ĥ +

∫

d(d−1)x
(

Pj xj − α φπ
)

Here we have defined:

T 0a = Pa and P̂ a =

∫

d(d−1)xPa

Note that we use G to denote a generic generator of the action of a symmetry on classical fields and Ĝ
to denote the corresponding Noether charge. The action of the Poincare and scaling symmetries on a
Heisenberg operator O[φ, π](x) is given by:

Oλ = exp
[

iλαĜα

]

O exp
[

−iλαĜα

]

Note that we have included an explicit coordinate dependence in O since this appears in the Lorentz and
dilation charges. This leads to the relation:

i
∂Oλ

∂λα
= [Oλ, Ĝα]

There is the possibilty of some confusion here since the fields can explicitly depend on the coordinates x
which are closely related to the translation symmetry parameters.

For example, the Noether charges themselves are independent of time by definition but do not all
commute with the Hamiltonian. Those that do not, the dilation and boost generators, explicitly depend
on time. For the spacetime derivative of an operator we compute:

i ∂aO(x) = i
∂

∂xa
O(x) + [O(x), P̂a]
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The commutator serves to implement the derivative on the field variables. This notation is admittedly
somewhat somewhat ambiguous but an example involving the dilation charge should add some clarity:

i ∂0 D̂ ≡ i
d

dt
D̂ = i

∂

∂t
D̂ + [D̂, H ]

Below we will show that, as expected, [D̂, Ĥ ] = −iĤ . Thus,

i
d

dt
D̂ = i

∂

∂t
D̂ − i Ĥ = 0

We now compute [D̂, φ(x)] . Using Pj = π ∂jφ , we find:

[D̂, φ(x)] = t [Ĥ, φ(x)] +

∫

d3y [π(y), φ(x)]
(

yj ∂jφ − α φ
)

= −i (−α + xa∂a)φ(x)

Thus if we define,

φσ = exp
[

iσD̂
]

φ exp
[

−iσD̂
]

We have:

i
∂φσ

∂σ
= [φσ, D̂] = D φ

Where for scaling dimension α :
D = −i α + i xa ∂a

Thus,
φσ = exp [−iσD]φ

When we were considering the dilation symmetry acting on classical fields above we found:

φσ = exp [ iσD] φ (classical)

It is important to understand how this minus sign arises. The issue is briefly discussed on pages 59-60
of P&S. Essentially it is because a classical field is the expectation value of the corresponding quantum
field. Consider the expectation value V (x) of the operator O(x) in the Heisenberg state |Ψ〉 :

V (x) = 〈Ψ|O(x) |Ψ〉 = 〈Ψλ|Oλ(x) |Ψλ〉

Where, for some Noether charge Ĝ :

Oλ = exp
[

iλĜ
]

O exp
[

−iλĜ
]

and |Ψλ〉 = exp
[

iλĜ
]

|Ψ〉

Now, we define:
Vλ(x) = exp [ iλG] V (x) ≡ 〈Ψλ|O(x) |Ψλ〉

This serves as a definition of G in terms of Ĝ . Thus,

Vλ(x) = 〈Ψ|O−λ(x) |Ψ〉 = exp [ iλG] 〈Ψ|O(x) |Ψ〉

Thus we find:
Oλ(x) = exp [−iλG]O(x)

We now compute [D̂, P̂a] :

[D̂, P̂a] =

∫

d(d−1)x
(

[Pj(x), P̂a] xj − α [φ(x)π(x), P̂a ]
)

11



Where we have used [Ĥ, P̂a] = 0 . Now,

P̂0 = Ĥ =

∫

d(d−1)x 1
2

(

π2 + (∇φ)2
)

and P̂j =

∫

d(d−1)x π ∂jφ

For operators without explicit time dependence:

i ∂aO(x) = [O(x), P̂a]

Thus,

[D̂, P̂k] = i

∫

d(d−1)x
[

(∂kPj) xj − α ∂k (φπ)
]

= −i P̂k

Where we have integrated by parts. Also,

[D̂, Ĥ] = i

∫

d(d−1)x
[ (

∇2φ∂jφ + π ∂jπ
)

xj − α
(

φ∇2φ + π π
) ]

Where we have used φ̇ = π and π̇ = φ̈ = ∇2φ . Integrating by parts,

i

∫

d(d−1)x
(

∇2φ∂jφ + π ∂jπ
)

xj

= i

∫

d(d−1)x
[

1
2 ∂j

(

π2 − (∇φ)2
)

− ∂k

(

∂kφ∂jφ
) ]

xj

= −i

∫

d(d−1)x
[

1
2 (d − 1)

(

π2 − (∇φ)2
)

+ (∇φ)2
]

And,

−i α

∫

d(d−1)x
(

φ∇2φ + π π
)

= −i α

∫

d(d−1)x
(

π2 − (∇φ)2
)

Thus, since α = (1 − d/2) , we find:

[D̂, Ĥ ] = −i

∫

d(d−1)x 1
2

(

π2 + (∇φ)2
)

= −i Ĥ

Thus, as expected:
[D̂, P̂a] = −i P̂a

12



(b)

We consider the action for a one-dimensional lattice of particles interacting through nearest neighbor
harmonic potentials:

S[q] =

∫

dt
∑

i

1
2

(

m (q̇i)
2 − k (qi+1 − qi)

2
)

We now define a continuum field φ(x) such that on a lattice xi+1 = xi + a we have:

φ(xi) =
√

m/aqi and k = a−2 m c2
s

This leads to:

S[q] = 1
2

∫

dt a
∑

i

[

(φ̇(xi))
2 − c2

s a−2 (φ(xi + a) − φ(xi))
2
]

Taking a to be small we write:

S[φ] = 1
2

∫

dt dx
[

(∂tφ)2 − c2
s a−2 (φ(x + a) − φ(x))2

]

Strictly speaking the limit necessary to define the integral will lead to a free theory. We will simply take
S[φ] to define the physical system. Expanding φ(x + a) and retaining terms quadratic in a we find:

a−2 (φ(x + a) − φ(x))2 = (∂xφ)2 + a (∂xφ) (∂2
xφ) − 1

12 a2 (∂2
xφ)2

We neglect the second term since it is a total derivative. This leads to,

S[φ] = S0[φ] + SI [φ] = S0[φ] +
a2c2

s

24

∫

dt dx (∂2
xφ)2

Where S0[φ] is the conformally invariant free Lagrangian:

S0[φ] = 1
2

∫

dt dx
(

(∂tφ)2 − c2
s (∂xφ)2

)

The Lagrangian is invariant under the dilation:

φ′
σ(t, x) = φ( e−σt , e−σx )

The associated free Hamiltonian scales as:

H0[φ
′
σ] = e−σ H0[φ]

Thus the dilation maps higher energy solutions to lower energy solutions. The action of the dilation on
the interaction is:

SI [φ
′
σ] = e−2σ SI [φ]

Thus the interaction becomes irrelevant at low energies.
For a plane wave solution of momentum p we find:

HI/H0 ' p2 a2/12

Thus when 10% of the energy is in the interaction p '
√

6/(a
√

5) .
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