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1.) Peskin & Schroeder 4.3

We consider N real scalar fields interacting according to the Hamiltonian:

H =

∫

d3x
(

1
2 Π ·Π + 1

2 ∇Φ · ∇Φ + V (Φ ·Φ)
)

Where Φ = (Φ1 . . .ΦN ) , Π is the conjugate momentum and

V (Φ ·Φ) = 1
2 m

2 Φ · Φ +
λ

4
(Φ ·Φ)2

(a)

For λ = 0 we have N decoupled Klein-Gordon fields of equal mass. This leads directly to the following
definition of the field in the interaction picture:

Φj(x) =

∫

d3p

(2π)3
1

√

2Ep

(

ajp e
−ip·x + a†jp e

ip·x
)

Where E2
p = p2 +m2 . The canonical commutation relations lead to:

[aip, a
†
jk] = δij (2π)3 δ(p − k) [aip, ajk] = [a†ip, a

†
jk] = 0

This leads to the spacetime propagator:

Φi(x)Φj(y) = 〈0|T (Φi(x)Φj(y)) |0〉 = δij DF (x− y)

This leads to the momentum-space Feynman rule:

p

a b ⇒ i δab

p2 −m2 + iε

We compute the following amplitude to O(λ) :

iM(p′k, q
′
l | pi, qj) (2π)4 δ(pi + pj − pk − pl) = 〈p′k, q′l| i T |pi, qj〉

Where,

S = 1 + i T = T
(

e−i
R

d4xHI(x)
)

And,

|pi, qj〉 =
√

2Epi

√

2Eqj
a†ipi

a†jqj
|0〉

Of course the interaction Hamiltonian is:

HI(x) =
λ

4
(Φ · Φ)2

To O(λ) :

〈p′k, q′l| i T |pi, qj〉 = −i λ
4

∫

d4x 〈p′k, q′l|ΦaxΦaxΦbxΦbx |pi, qj〉

Here summation over a and b is implied and we have defined Φax ≡ Φa(x) .
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Ignoring vacuum bubbles and taking account of the symmetry under exchange of a and b as well as
under exchange of fields within both of the pairings we find:

〈p′k, q′l|ΦaxΦaxΦbxΦbx |pi, qj〉 = 8 〈p′k, q′l|ΦaxΦaxΦbxΦbx |pi, qj〉

+ 8 〈p′k, q′l|ΦaxΦaxΦbxΦbx |pi, qj〉

+ 8 〈p′k, q′l|ΦaxΦaxΦbxΦbx |pi, qj〉

Now,

Φa(x) |pb〉 = δab e
−ip·x |0〉 and 〈pb|Φa(x) = 〈0| eip·x δab

Thus,
iM(k, l | i, j) ≡ iM(p′k, q

′
l | pi, qj) = −2i λ ( δijδkl + δilδjk + δikδjl )

This leads to the vertex Feynman rule:

i j

k l

⇒ −2i λ ( δijδkl + δilδjk + δikδjl )

We now consider scattering processes in the center of mass frame. Since the masses are identical we may
use the formula (eq. 4.85) in P&S for the differential cross section:

(

dσ

dΩ

)

CM

=
|M|2

64π2E2
CM

where E2
CM = (pi + qj)

2

For Φ1Φ2 → Φ1Φ2 scattering, iM = −2iλ . Thus,

(

dσ

dΩ

)

CM

=
λ2

16π2E2
CM

for Φ1Φ2 → Φ1Φ2

For Φ1Φ1 → Φ2Φ2 scattering, iM = −2iλ . We also divide by a Bose factor of 2. Thus,

(

dσ

dΩ

)

CM

=
λ2

32π2E2
CM

for Φ1Φ1 → Φ2Φ2

For Φ1Φ1 → Φ1Φ1 scattering, iM = −6iλ . We again divide by a Bose factor of 2. Thus,

(

dσ

dΩ

)

CM

=
9λ2

32π2E2
CM

for Φ1Φ1 → Φ1Φ1

(b)

We now consider the potential:

V (Φ ·Φ) = − 1
2 µ

2 Φ ·Φ +
λ

4
(Φ · Φ)2
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We compute the minimum of the potential:

∂V

∂Φj
= −µ2 Φj + λΦj Φ ·Φ

Thus there is a minimum at:
υ2 = Φ · Φ = µ2/λ

We make the field redefinitions:

Φj(x) = πj(x) i = 1 . . .N − 1 and ΦN(x) = υ + σ(x)

Ignoring constant terms, this leads to the potential:

V (σ,π · π) = 1
2 mσ σ

2 +
λ

4

(

σ2 + π · π
)2

+ µ
√
λσ

(

σ2 + π · π
)

Where mσ = 2µ2 . Since the field displacement υ does not affect the kinetic terms, we may read off the
Feynman rules for the propagators and the quartic interactions from the results of part (a) above.

The πj fields are massless:

p

a b ⇒ i δab

p2 + iε

There is also the single massive field σ :

p

⇒ i

p2 +m2
σ + iε

The four π vertex is as found above:

i j

k l

⇒ −2i λ ( δijδkl + δilδjk + δikδjl )

The four σ vertex is:

⇒ −6i λ

The two σ two π vertex is:

i j

⇒ −2i λ δij
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For the one σ two π vertex we compute:

iM (σ(q)| πi(p)πj(k)) (2π)4 δ4(p+ k − q) = 〈σ(q)| i T |πi(p)πj(k)〉

Where,

〈σ(q)| i T |πi(p)πj(k)〉 = −i µ
√
λ

∫

d4x 〈σ(q)| σxπaxπax |πi(p)πj(k)〉

= −2i µ
√
λ

∫

d4x 〈σ(q)| σxπaxπax |πi(p)πj(k)〉

= −2i µ
√
λ δij (2π)4 δ4(p+ k − q)

Thus we find the vertex rule:

i j

⇒ −2i µ
√
λ δij

For the three σ vertex we compute:

iM (σ(q)| σ(p)σ(k)) (2π)4 δ4(p+ k − q) = 〈σ(q)| i T |σ(p)σ(k)〉

Where,

〈σ(q)| i T |σ(p)σ(k)〉 = −i µ
√
λ

∫

d4x 〈σ(q)| σxσxσx |σ(p)σ(k)〉

= −6i µ
√
λ

∫

d4x 〈σ(q)| σxσxσx |σ(p)σ(k)〉

= −6i µ
√
λ (2π)4 δ4(p+ k − q)

Thus we find the vertex rule:

⇒ −6i µ
√
λ

(c)

We now compute the four π scattering amplitude to O(λ) :

iM (πk(p3)πl(p4)| πi(p1)πj(p2) ) =

1©

+

2©

+

3©

+

4©
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Using the Feynman rules derived above:

1© = −2i λ ( δijδkl + δilδjk + δikδjl )

2© = −2i λ δij δkl
m2

σ

(p1 + p2)2 −m2
σ

3© = −2i λ δik δjl
m2

σ

(p1 − p3)2 −m2
σ

4© = −2i λ δil δjk
m2

σ

(p1 − p4)2 −m2
σ

Here we have used m2
σ = 2µ2 . Thus,

iM = −2i λ

(

δij δkl (p1 + p2)
2

(p1 + p2)2 −m2
σ

+
δik δjl (p1 − p3)

2

(p1 − p3)2 −m2
σ

+
δil δjk (p1 − p4)

2

(p1 − p4)2 −m2
σ

)

Since the pions are massless, clearly at threshold (pa = 0 ) this amplitude vanishes.
For N = 2 we have δij = 1 since there is only one species of pion. To O(p2

a) :

iM =
2i λ

m2
σ

(

(p1 + p2)
2 + (p1 − p3)

2 + (p1 − p4)
2
)

=
4i λ

m2
σ

( p1 · p2 − p1 · p3 − p1 · p4 )

= − 4i λ

m2
σ

( p1 · p1 ) = 0

Where we have used p1 + p2 = p3 + p4 .

(d)

We now add a symmetry breaking term to the Lagrangian:

∆V = − aΦN

We express the Lagrangian in terms of the fields:

Φj(x) = πj(x) i = 1 . . .N − 1 and ΦN (x) = υ + σ(x) + δ

Here δ is small and we expect a minimum of the potential at π = σ = 0 . We derived an expression for
the unperturbed potential in terms of π and σ in part (c) above. We simply substitute σ(x) → σ(x) + δ
into this expression and find the minimum of the potential by varying δ . Thus,

Ṽ (σ,π · π) = V (σ + δ,π · π) − a (σ + δ + v)

Where, as above:

V (σ,π · π) = µ2 σ2 +
λ

4

(

σ2 + π · π
)2

+ µ
√
λ σ

(

σ2 + π · π
)

Now, ignoring terms quadratic and higher in δ :

∂Ṽ

∂δ

∣

∣

∣

∣

∣

π=σ=0

= 2µ2 δ − a
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Thus δ = a/(2µ2) . Working to O(a) and ignoring constant terms:

Ṽ (σ,π · π) = 1
2 m

2
σ σ

2 + 1
2 m

2
π π · π +

λ

4

(

σ2 + π · π
)2

+ γ µ
√
λσ

(

σ2 + π · π
)

Where,

m2
σ = 2µ2 + 3

√
λ
a

µ
and m2

π =
√
λ
a

µ

And,

γ = 1 + 1
2

√
λ
a

µ3

The Feynman rules are given by substituting the modified masses into the π and σ
propagators and introducing a factor of γ into the cubic vertex expressions.

We now compute the four pion interaction considered above. The first diagram is unmodified; however
the last three terms take the form:

2© = −2i λ δij δkl
2 γ2 µ2

(p1 + p2)2 −m2
σ

3© = −2i λ δik δjl
2 γ2 µ2

(p1 − p3)2 −m2
σ

4© = −2i λ δil δjk
2 γ2 µ2

(p1 − p4)2 −m2
σ

At threshold (pa = 0 ):

(p1 + p2)
2

= 4m2
π and (p1 − p3)

2
= (p1 − p4)

2
= 0

After a little algebra we find:

iM = i (λ)
3/2 a

µ3
( 3 δij δkl − ( δik δjl + δil δjk ) )
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2.) Peskin & Schroeder 4.4

We consider the quantized Dirac field interacting with a classical potential Aµ(x) :

HI =

∫

d3x e ψ̄γµψAµ

(a)

We consider the (O(e)) matrix element:

〈p′s′| i T |ps〉 = −ie
∫

d4xAµ(x) 〈p′s′| ψ̄(x)γµψ(x) |ps〉

Here S = 1 + iT . Now, ignoring vacuum bubbles:

〈p′s′| ψ̄(x)γµψ(x) |p s〉 = 〈p′s′| ψ̄(x)γµψ(x) |p s〉

Where,

ψ(x) |p s〉 = e−ip·x us(p) |0〉 and 〈p′s′| ψ̄(x) = 〈0| ūs′

(p′) eip′·x

Thus,
〈p′s′| i T |p s〉 = −ie ūs′

(p′)γµus(p) Ãµ(p′ − p)

Where,

Ãµ(q) =

∫

d4xAµ(x) eiq·x

(b)

If Aµ(x) is time independent:

Ãµ(q) =

∫

dt eiq0t

∫

d3xAµ(x) e−iq·x = (2π) δ(q0) Ãµ(q)

Where it is to be understood that Ãµ(q) is the spatial Fourier transform of Aµ(x) .
With the following definition of M :

〈p′s′| i T |p s〉 = iM (p′s′ | p s) (2π) δ(Ep′ − Ep)

We find:
iM (p′s′ | p s) = −ie ūs′

(p′)γµus(p) Ãµ(p′ − p)

Thus, with the usual momentum space Feynman rules for fermions, we find the following vertex rule:

p

p′
q

⇒ i e γµ Ãµ(q) (q0 = 0)
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We consider the following expression for dσ :

dσ =
d3p′

(2π)3
1

2Ep′

∫

d2b
∣

∣〈p′s′| i T eib·P |φ s〉
∣

∣

2

Here eib·P is the translation operator perpendicular to the beam. Also,

|φ s〉 =

∫

d3k

(2π)3
1√
2Ek

φ(k) |k s〉 where 〈φ s| φ s〉 =

∫

d3k

(2π)3
|φ(k)|2 = 1

Note that φ(k) has support in a highly localized region centered at p = pzẑ .
We are essentially considering a mixed incoming state found by integrating over all impact parameters

b . We could also include a mixture of incoming spin states but we will defer this for the time being.
Now,

〈p′s′| i T eib·P |φ s〉 =

∫

d3k

(2π)3
1√
2Ek

φ(k) eib·k 〈p′s′| i T |k s〉

Using the definition of M from above:

dσ =
d3p′

(2π)3
1

2Ep′

∫

d3k

(2π)3
1√
2Ek

∫

d3q

(2π)3
1

√

2Eq

(2π)2 δ(Ep′ − Ek) δ(Ep′ − Eq)

× φ(k)φ∗(q)M (p′s′ | k s) M∗ (p′s′ | q s)
∫

d2b eib·(k−q)

Using,
∫

d2b eib·(k−q) = (2π)2 δ(kx − qx) δ(ky − qy)

And,
δ(Ep′ − Ek) δ(Ep′ − Eq) = δ(Ep′ − Ek) δ(Eq − Ek)

And defining q̃ = qzẑ + kxx̂ + kyŷ , we find:

dσ =
d3p′

(2π)3
1

2Ep′

∫

d3k

(2π)3
1√
2Ek

∫

dqz
(2π)

1
√

2Eq̃

(2π)2 δ(Ep′ − Ek) δ(Eq̃ − Ek)

× φ(k)φ∗(q̃)M (p′s′ | k s) M∗ (p′s′ | q̃ s)

Now,

δ(Eq̃ − Ek) =
Ek

|kz |
[ δ(qz − kz) + δ(qz + kz) ]

Since φ(k) is highly localized around p = pzẑ , the term produced by δ(qz+kz) vanishes since φ(kz ẑ)φ∗(−kzẑ) =
0 . Thus,

dσ =
d3p′

(2π)3
1

2Ep′

∫

d3k

(2π)3
1

2 |kz |
(2π) δ(Ep′ − Ek) |φ(k)|2 |M (p′s′ | k s)|2

We now consider φ(k) to be so highly localized that we may take:

|φ(k)|2 = (2π)3 δ3(p− k)

Thus we find:

dσ =
d3p′

(2π)3
1

2Ep′

1

2 |pz|
(2π) δ(Ep′ − Ep) |M (p′s′ | p s)|2

We know integrate over |p′| to compute dσ/dΩ . Since E2
p′ = |p′|2 +m2 , we have:

d3p′ = |p′|2 d |p′| dΩ = |p′| Ep′ dEp′ dΩ
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Thus,
dσ

dΩ
=

1

4 |pz|

∫ ∞

0

dEp′

|p′|
(2π)2

δ(Ep′ − Ep) |M (p′s′ | p s)|2

Finally, since the delta function enforces |p′| = |p| = |pz| , we find:

dσ

dΩ
=

1

(4π)2
|M (p′s′ | p s)|2

(c)

We consider the Coulomb potential:

Aµ(x) =
Ze

4π |x| δµ0 or Ãµ(q) =
Ze

|q|2
δµ0

Thus,

iM (p′s′ | p s) = −ie ūs′

(p′)γµus(p) Ãµ(p′ − p) =
−iZe2

|p′ − p|2
ūs′

(p′)γ0us(p)

In the non-relativistic limit:

us(p) =
√
m

(

ξs

ξs

)

Thus,
ūs′

(p′)γ0us(p) = us′†(p′)us(p) = 2mδss′

Since |p′| = |p| = mv :

|p′ − p|2 = |p|2 2 (1 − cos(θ)) = m2 v2 4 (sin(θ/2))
2

Thus,

iM (p′s′ | p s) =
−iZe2
2mv2

(sin(θ/2))
−2

δss′

This leads to:
dσ

dΩ
=

1

(4π)2
|M (p′s′ | p s)|2 =

(

Ze2

4π

)2
δss′

4m2v4
(sin(θ/2))−4

We now sum over outgoing and average over incoming spins. Using α = e2/(4π) we find:

dσ

dΩ
=

Z2α2

4m2v4
(sin(θ/2))

−4
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