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1.) Peskin & Schroeder 4.3

We consider N real scalar fields interacting according to the Hamiltonian:
H = /d% (3I-II+ 1VS-VS + V(S D))

Where @ = (®; ... D), IT is the conjugate momentum and

V(®-®) = %m2<I>-<I>+%(<I>-<I>)2

(a)
For A = 0 we have N decoupled Klein-Gordon fields of equal mass. This leads directly to the following
definition of the field in the interaction picture:

d? 1 . _
(I)j(x) — /_p - (ajp e T 4 a}‘_p ezp.z)

@2n)?® \RE,

Where Ef) = p? +m?. The canonical commutation relations lead to:

[aip, al] = 0i (27)° 6(p — k) [aip, ] = laly, al] =0

This leads to the spacetime propagator:

T
Pi(x) @;(y) = (O] T (®i(x) ®;(y))[0) = bij Dr(z —y)

This leads to the momentum-space Feynman rule:

—_— Z 5ab

p? —m?2 + ie

We compute the following amplitude to O(A):
i M(Py i | pisay) (2m)* 6(pi +pj —pe — 1) = 0k, aili T Ipis 45)

Where,
S=1+iT =T et/ deru@)

|pi7Q7'> =V 2EP'L 2qu' U“Zpi a;‘lj |O>

Of course the interaction Hamiltonian is:

And,

To O(A):
/ AN _ ~)‘ 4 / /
<pk7ql|ZT|pi7qj> - _ZZ /d X <pk7ql|q)amq)amq)bwq)bm |pzuq_]>

Here summation over a and b is implied and we have defined ®,, = ®,(z).



Ignoring vacuum bubbles and taking account of the symmetry under exchange of a and b as well as
under exchange of fields within both of the pairings we find:

)] Dar P P ® i qi )| Por P P ® i Qi
<p]g7Ql| azPar Pz Poz |puq;> 8<p;mql| ax PaxPbr Pbx |pz,CIJ>

| 1 i
+ 8 <p;97 q1/| (I)axq)axq)bzq)bx |pia qj>

T T T —
+ 8 <p;ga q1/| (I)amq)amq)bwq)bm |pu QJ>
Now,
1 -
(po| a(z) = (0] €% dap

,
Dy (x) |pp) = dape P77 |0) and

Thus,
i M(k, 1] 4, 5) = i M, qi | pisqj) = =2 X (0550k1 + 0udj + dirdji )

This leads to the vertex Feynman rule:

k l

= —2i A (5ij5kl + 5i15jk + 5ik5jl )

i J
We now consider scattering processes in the center of mass frame. Since the masses are identical we may
use the formula (eq. 4.85) in P&S for the differential cross section:

do IM[* 2 2
— = h E = (p; ;
For &P, — &P, scattering, iM = —2¢A. Thus,
do A2
2 S fi PP D P
(dQ>cM 1672 EZ o R

For &P, — ®5P5 scattering, iM =

do
QY ) o

For &Py — ®,P; scattering, iM =

(Z%) CM
(b)

We now consider the potential:

—2i\. We also divide by a Bose factor of 2. Thus,

/\2

SR S
3272E2.,, or

(1)1‘1)1 — ‘1)2‘1)2

—6iA. We again divide by a Bose factor of 2. Thus,

9\?

= —— PP PP
327T2E%M 191 — P19

for

V(@ ®) = —%u2q>-‘1>+2(@-<1>)2



We compute the minimum of the potential:

(%/j = —1?® + 20, PP
Thus there is a minimum at:
v =@ @ = u?/\
We make the field redefinitions:
Qi(zx) = mi(z) i=1...N-1 and On(z) = v+ o(x)

Ignoring constant terms, this leads to the potential:
A
Vio,m-m) = myo® + N (02—1—71'-71')2 + pVro (o +m - m)
Where m, = 2u2. Since the field displacement v does not affect the kinetic terms, we may read off the

Feynman rules for the propagators and the quartic interactions from the results of part (a) above.
The 7; fields are massless:

e i O,
a b = ; b.
p* + e
There is also the single massive field o :
p . i
p? 4+ m2 +ie
The four 7 vertex is as found above:
k l
= —2i A (5ij5kl + 5il5jk + 5ik5jl )
i J
The four o vertex is:
= —6i A
The two o two 7 vertex is:
= —2i A\ 5ij
i J



For the one o two 7 vertex we compute:

iM(0(q)] mi(p)m;(k)) (2m) 6% (p+ &k —q) = (o(q)]i T |mi(p)m;(k))
Where,

C@IT mp)m () = —inVA [ ' (0(0)] ouaatas (o), (1)

—F
— 2iuV / 045 (0(q)| OaTarTan |mi ()5 ()

= =2ipVAs; (2m) 6 (p+k—q)

Thus we find the vertex rule:

i J
For the three o vertex we compute:

iM(o(q)| o(p)o(k)) 2m) ' (p+k—q) = (o(q)|iT |o(p)a(k))
Where,

C@iTlowo®) = ~inVX [ d's (ola)| 0,00 lo()a(b)
!—| N
= —6ipVA / 0z (0(0)] 040205 [0 () (K))

= —6ipVACT) S p+k—q)

Thus we find the vertex rule:

= —6i VA

(c)

We now compute the four 7 scattering amplitude to O(\):

i M (71 (p3)mi(pa)| mi(p1)m;(p2) ) =

NS AR



Using the Feynman rules derived above:

O = —-2iA ((5@‘5“ + (5il6jk + 6ik5jl )
2
m
= —2i\0;i; 0 Z
@ ‘ 3 Okt (p1 +p2)? —m2
2
m
= —2iM\8;1 6, Z
® ROy —ps)? —m2
2
@ = —2iX6ydk Mo

(p1 —pa)? —mZ

Here we have used m?2 = 2 u?. Thus,

. ) 8ij 0t (p1 +p2)? ik 0t (p1 —p3)® S djk (p1 — pa)?
iIM = —2i )\ J + J + /
( (p1+p2)?2—mZ  (pr—p3)?—m2  (p1—ps)? —m2

Since the pions are massless, clearly at threshold (p, = 0) this amplitude vanishes.
For N = 2 we have §;; = 1 since there is only one species of pion. To O(p?):

20 A

iMoo = m—g((p1+p2)2+(p1—p3)2+(p1—p4)2)
47 )\
= m—g(pl'pz—pl'm—pl'm)
41\

= _W(pl'pl) =0

[ea

Where we have used p1 + p2 = p3 + p4 -

(d)
We now add a symmetry breaking term to the Lagrangian:
AV = —ady
We express the Lagrangian in terms of the fields:
Qi(z) = mi(z) i=1...N-1 and Py(z) =v+o(z)+9

Here § is small and we expect a minimum of the potential at # = ¢ = 0. We derived an expression for
the unperturbed potential in terms of 7 and ¢ in part (¢) above. We simply substitute o(z) — o(x) + 6
into this expression and find the minimum of the potential by varying §. Thus,

V(ieyw-w) =V(e+d,m-w) —a(oc+06+v)

Where, as above:

Vie,m-m) = p?o? + % (02—1—7r~7r)2 + uvaio (0% +m - m)

Now, ignoring terms quadratic and higher in ¢ :

v
00

T=0=0

=24%0 —a



Thus § = a/(2u?) . Working to O(a) and ignoring constant terms:

~ A
Vie,m-m) = im2o® + Imim-m + 1 (02—1—71'-71')2 +’7/L\/X0(U2+7T-7T)
Where,
mi=2u2—i—3\/_g and mfrz\/_g
u 7

And
a

The Feynman rules are given by substituting the modified masses into the 7 and o
propagators and introducing a factor of -+ into the cubic vertex expressions.

We now compute the four pion interaction considered above. The first diagram is unmodified; however
the last three terms take the form:

2,}/2 ,LLQ

= —20\0;i 0y —m8Mm8M ——
® PO O (p1 + p2)? —mZ

) 2,}/2 ,LLQ
= —2iA0jpp b ———————
@ L0 o = po)? — 2
) 2,}/2 ,LLQ

= —2iA0;0 ——————
@ Ok oy = pa)? — 2
At threshold (p, =0):

(pr+p2)? = 4m? and (pr—ps)® = (p1—pa)> =0
After a little algebra we find:
a

o 3/2
iM =i\ pE

(30500 — (001 + 0i1 i)



2.) Peskin & Schroeder 4.4

We consider the quantized Dirac field interacting with a classical potential A, (z):
H; = /d3:1:e1/;”y“1/)A#

(a)

We consider the (O(e)) matrix element:

(05T |ps) = —ic / d'z A, (z) (0| D(e)r" () [ps)

Here S =1+ 47 . Now, ignoring vacuum bubbles:

_ r1

(p's'[ (@) () [ps) = (p's'[Y(x)y"d(2) [ps)

Where,
Y(z)[ps) = e T u(p)|0) and (p's'[Y(x) = (0] (p') e "

Thus, , ~

(p's'liT |ps) = —iea” (p)y"u’(p) Au(p' —p)
Where,

Afe) = [ d'aa (@)

(b)

If A,(x) is time independent:
Aufe) = [aren™ [ @, e = 20)6") Aua
Where it is to be understood that A, (q) is the spatial Fourier transform of A, (x).
With the following definition of M :
(p's'iT|ps) = iM(p's'|ps) (2m) 6(Ep — Ep)

We find: ) R
iM(©p's"| ps) = —iew® (p' )y u’(p) Au(p' — p)

Thus, with the usual momentum space Feynman rules for fermions, we find the following vertex rule:

= iev' Au(q) (" =0)




We consider the following expression for do :

d3p 1
— d2b T ib-P
7= ) 2hy / |(p's'|iTe |¢s>|
Here PP is the translation operator perpendicular to the beam. Also,

65) = [ oo g olks)  where (sl 90) = [ 5 000
$) = | — — s wher s| ¢ps) =
(27)3 2Ex (2m)?
Note that ¢(k) has support in a highly localized region centered at p = p,z.
We are essentially considering a mixed incoming state found by integrating over all impact parameters
b. We could also include a mixture of incoming spin states but we will defer this for the time being.
Now

3

. A3k _
WATET jos) = [ G < 60 €™ i T k)

Using the definition of M from above:

3,/ 3
do = éwl;3 2-;p’ / (d ) \/2E / 3 /2E. (2m)? 6(Bpr — Ei) 6(Ep — Eq)

X p(k) ¢* (Q M (p's'| ks) M* (p's' | q5) / d2b P (k—a)

Using,
/ @20 ™D = (27)2 6(ky — ) (K, — q)

And

3

5(Ep/ - Ek) 5(Ep’ - Eq) = 5(Ep/ - Ek) 5(Eq - Ek)
And defining q = ¢.2 + k,X + k¥ , we find:

B dqz 1 ,
27r 5 28, / \/2E ™) /2Eq (2m)" 0(Ep

x ¢(k) ¢ (@) M (p's" | ks) M (p's"| Gs)

do =

»— Ex)d(Egq — Fx)

Now,
Ex

|F-|

Since ¢ (k) is highly localized around p = p,Z, the term produced by 6(¢.+k.) vanishes since ¢(k,z) ¢*(—k,2) =
0. Thus,

0(Eq — Ex) = [6(gz — k=) +6(q= + k=) ]

d3k 1 2 2
do = 0(Fp — FE k 's' | k
7 27r32E /271'32|k:| ™) 6(Ep k) [o(k)|" M (p's"| k5
We now consider ¢(k) to be so highly localized that we may take:

P)|* = (2m)? °(p — k)

Thus we find: B
p 1 1 ot 2
do = 2 6(Ey — E
o (27)3 2By 2p.| (2m) 6(Ep p) IM(p's" [ ps)]
We know integrate over |p’| to compute do/dQ2. Since E, = Ip'|” +m?, we have:

2
d*p' = |p'|” d|p’| dQ = |p| Ep dEy d



Thus,
'l

do LI p ,
o0 - a1 dE., —— 6(E, — FE. /i
aQ  4|p.| /0 P (2m)2 (Ep p) M (@'s" | ps)

Finally, since the delta function enforces |p’| = |p| = |p.|, we find:

da - 1 I 2
(c)
We consider the Coulomb potential:

Ze P Ze

A#(X) = Wig#o or A#(q) = W(S#O
Thus,
—iZe? / 0 s

iM@'s' | ps) = —iea® )y us(p) Au(p' —p) = o _pP

In the non-relativistic limit:

u(p) = ﬁ(g)

Thus, ) ) )
s (pl),_YOus(p) = us T(pl) us(p) = 2m 858
Since |p’| = |p| = mw:
[0~ pl* = |pl” 2(1 ~ cos(6)) = m® v 4 (sin(0/2))’
Thus,
. 7 —iZe2 . —2 ¢ss’
iM(p's'|ps) = o2 (sin(6/2)) " o
This leads to: ) )
do 1 . 2 Ze? 0°%% ) 4
— = — =|—) —— 0/2
T = g MO 1P = (0] (o Ginto/2)
We now sum over outgoing and average over incoming spins. Using o = e2?/(47) we find:
do AR . 4
90 = Il (sin(6/2))



