QFT 1 : Problem Set 7

1.) P&S 5.1: Coulomb Scattering

We consider the process:

Where blue lines are electrons and red lines are photons.
We begin with the expression for the differential cross section for scattering from a time-independent
and localized potential:
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Where in the case of electron scattering:

’

iM((p,s) — (¢, 8) = —iew” (p')y"u* (p) Ay (q)

Where Zﬂ (q) is the Fourier transform of the potential A,(x) evaluated at q = p’ — p. For the case of
the Coulomb potential (Z=1):
A,(x) = du0e/dm [x]

We have for gu(q) :
Au(@) = du0e/ al®

Taking d®py = |pf|2 d|ps| dQ and making the replacements p; — p = (E,p) and py — p’ = (E’,p’) and
also using v = |p| /E :
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Now since E'2 = |p/|* +m?2 we have: |p’|d|p’| = E'dE’. Using the fact that |p’| = |p| due to the delta
function:
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Thus,
dE'd)
do = g7 M(@:9) = (', o(E' - )



We now integrate over the energy of the outgoing particle with the understanding that in what follows
|p’| = |p|. We also sum over outgoing spin states and average over incoming spin states to arrive at:

= s M) — 0 )P

where,

62 ’

iM((p.s) = (') = _"WW (p")7 u’ (p)
Using (07"u)" = (@y"v) :
do e, B o S
a0~ o) ﬁézu (p)y"u ()@ ()7 u® (p)

ss’

Now

> ()t ()7 ()7 u (p) = (Y ut () () O u ()7 (0)r°)]
and using p =v-p="p, :
> ut(p)at(p) =p+m
Thus substituting o = % :
do a?

= %tr[(zﬂ +my (¢ +m)y’)

Since only products of even numbers of v matrices have non-zero trace:

tr(p+m)V° (' +m)y°] = tr[py Py’ + m?tr[y°°)
from the identities:
tr(y#v") = 4™
tr(¥y"Py7) = 4" — 0t + "7 n"?)
we find:
tr[py P70 + mPtr[y99°] = 42E% —p - p' +m?) = 4(2m? + |p|2 (1 + cos b))

we also have:
P’ —p|" = 2[p]> (1 - cos8))? = 4|p[* (1 - cosh)?

Now, (1 4 cosf) = 2cos?(6/2) and (1 — cosf) = 2sin*(#/2). Thus,

do CY2 2 2 2
=z - - - 6/2
dQ 4 |p|4 Sln4(9/2) (m + |p| COS ( / ))
Using |p| = ym/3 where 72 = 1/(1 — 3?) we find:
m? 1 pf? cos?(0/2) = mP+2(y 2 + B3(1 — sin(8/2)) = mP23(1 — Fsin(0/2))

Thus, finally, we have
do o (1-p%sin®(0/2))
dQ  4|pf* sz sin(6/2)

We now consider the process (where black lines are muons):



We denote the incoming and outgoing electron momenta by p and p’ respectively. We denote the
incoming and outgoing muon momenta by k and k' respectively. For convenience, the electron and muon
spinors will be denoted e and p respectively. Thus (p + me)e®(p) = 0 and (¥ 4+ m,,)u®(k) where s labels
the polarization of the spinors. We begin with the expression for the differential cross section for two
particle to two particle scattering;:

do 1 |
dQ  AE,FEj v, — vi| 4(E, + Ey)(27)2
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Since this expression is invariant under boost along the beam axis we may work in the rest frame of
the incoming muon. In this frame vy = 0 and Ey = m, . Furthermore, since we will eventually take
limyy,, — 00 g—g, we may freely impose this limit at any convenient point in the calculation. In particular
since p+k=p' +F, ((p—p)+k)?>=m> =2mZ+m; —2m,(E, — Ey) and therefore E, = E, and
Ip| = |p’| as m,, — oo. Thus we have:

do _ 1 p| 1
dQ  16m,(E, +my) B, |v,| (27)2

X% > ’M(es(p) pr(k) — e(p') p' (k)

Since |p| = [vp| By and for my, > me my,(Bp +my,) = my(1+ By/my,) ~ mj, :
do 1 1 / / )
0 = TAoZ3 4 S(p) " (k N ‘
ds) 16(2#)%@%42;}/\4(9 (p) " (k) — e () p” (k"))

Where, invoking the Feynman rules:

’ ’ ie ’

iM=iM(e*(p) u" (k) — e (p') p" (K')) = T e (p)y e’ (p) B (K )van” (k)
Thus using the spin sum rules given above:
02
D IMP= (W)Z tr{(p+me)y® (8 +me)y? tr((k +mu)va (K +m.)vel

spins

using
tr[(p -+ me)y* (B + me)y’] = tr((py* 'y + m2triy*+”]



and the above identities:
tr((p+ me)y* (B +me)y’] = 4p°p"” +p"p" =P (p-p — m?))

thus, after some rearrangements:

2
e
Z IM|* = (m)2 320k -pk-p' +p'-kp- ¥

spins

—k-K(p-p'—m2)—p-p'(k-k —m)
+2(p-p' = md) (k- k' —mj,)]
using k - k' = m, Ep ~ mZ, and factoring m? out of ) |IM:
do 2 1( e?
(p—p'

m = (27’(’)2 Z )2)2[m§ _p'p/ + (k 'pk/'p/ +p/' kp k/)/mi]
Now k'-p'/m, =p+k—p')-p'/m,~k-p'/m, = E, . Similarly ¥’- p/m, =~ E, ~ E,. Thus we have:

do 2 l( e?
dQ (2m)24  (p—p')?

)H{m? —p-p' +2E})
Again, as above, using |p| = |p’| = yme3 where 4% = 1/(1 — 3?) we find:

(mZ —p-p' +2E;) = (2m¢ + [p|* (1 + cos0)) = 2mZ~*(1 — 5% sin*(0/2))

€

Also substituting a = g and using (p — p/)2 = |p — p’|’since E,~ Ey :

do da? 2,2 2 i02
ol mmﬂ (1 —3%sin*(0/2))

Using the above result
[P’ —pl" = 4p|" (1 - cos#)” = 16 |p|" sin’ (6/2)
We see again, finally:
do o (1—p%sin?(6/2))
dQ  4lp*p2  sin’(0/2)




2.) P&S 5.2: Bhabha Scattering

We consider the process given by the sum of the two diagrams:

This is the amplitude for electron-positron scattering to O(a?).

To calculate the amplitude associated with the diagram we turn to the operator formalism. We
will verify the result given using Feynman rules. We denote incoming electron and positron momenta
by p1 and k; respectively. We similarly denote outgoing electron and positron momenta by p2 and ks
respectively. The amplitude will be expressed in terms of the incoming and outgoing states:

’eplsl ek1T1> \% 2Ep1 \% 2‘Ekl P151 k1r1
|e 252 ek2r2> \% 2Ep2 V 2Ek2 P2S2 k}27‘2
A = iM(’e;151 e;c‘rl’r1> - ’epgsz ek2T2>) (27T) 6((p2 + k2) - (pl + kl))

— (Spuns S| (T{expl=i [ st (@)} = D ey, ef,,,)

We evaluate:

Where, for QED B
Hi(z) = ep A
To O(a?):

—ie)? — -
4= 2!) / d'wdy (e, ., e, | T{@) A@E)D W AWEW)} |eg,s, €fr,)

. <—2Z'f> / d*zdby (0] T{A,(x) A, (y)} |0)

% (€00, €lbyry| THV(@Y Y(@) P (Y)Y Y ()} e, €r,)

Ignoring vacuum bubbles and using Wicks Theorem:

A= (—ie) / dhwd'y (0| T{A(2)A, (4)} [0) 11 a/ZEp 0B 2By 2 By,

X [<0|ap252%(1?)|0> (01 biara () [0) (0D (9)b, , 10) (O ba(y)ap, , 10)

— (0] apa529(9) 10) (O] brary () [0) 0] & (@)B], ., 10} (0] a(y)al, ., [0)

Where,
exp(ips - 35)

°E,, (p2)

<O| apzszwa(x) |O>



exp(iks - x)

Ol biaratn(a) 10) = Sy
00Tt 0) = LW 1)
Ot 10 = R )
Thus,
A= (-ie)? [ dted'y (0] T(A, ()4, W)} 0)
X [exp(—i(p1 + k1) - y +i(p2 + k2) - 2))u® (p2)y" 0" (k2)0"™ (k1) u® (p1)
—exp(—i(p1 —p2) -y +i(ke — k1) - 2))0" (k1)v"v" (k2)@* (p2)7" ™ (p1)]
Now,
4 _Z 12 .
O 7A@ A W0 = [ I exp(ig - (o =)
Thus,

= (—ie)?(2m —_mw

A= (iefem) [ dgTe
X [0(q — (p1 4 k1))0(q — (p2 + k2))T@"*2 (p2)y* 0" (k2 )T (k1 )y (p1)
—6(q — (p1 —p2))d(q — (k2 — k1)) (k1)v"v" (k2 )@* (p2)v" v’ (p1)]

A = (—ie)?(27)* 6 ((p2 + k) — (p1 + k1))

— M —s T —r v, s
. [(mJFk—?)#?Jrzeu ? (p2)y" 0" (k)0 (k1)y"u’ (p1)

_ &—n ke YR 0" (feo VT2 v, 81
) T ic” (k)" o™ (k2)u* (p2)"u™ (p1)
This is exactly the result we would get from the Feynman rules where we would write down:
T2 (p2)yH v (ko)™ (k1)v"u® (p1)

(p1 + k1)2 + ie

iM = ’L'6277#y |:

U (k1 )yH o™ (k) u® (pa)y”u™ (p1)
- (p1 — p2)? +ie }
Note that the minus sign results because the diagrams are equivalent up to an exchange of an outgoing
electron with an incoming positron or vice-versa. The minus sign is due to the Fermi exchange statistics.
We would like to compute the differential cross section in the limit m,. — 0 . Since all particles have

identical masses we have:

d 1 1 _ _
° Z Z ‘M(‘eplsl ezﬂ“1> - ‘ep252 e;2T2>)

2
dcos — 32m(py + k1)2 4 |

5182 T1T2

Ignoring the ie prescription and denoting v; = v" (k;) and u; = u® (p;) :

Uy U201y Ur 51’7”1)2527”%)

2_ 4 —
Z M| = € nuTipo Z K (p1 + k1)? (p1 —p2)?

spins spins
(Uﬂpuﬂw“ul TayPu1U1Y% U )}
(p1+ k1) (p1 — p2)?



Using the spin sum relations given above and taking m, — 0 :

1
2 1M = et T R
spins
1 B g m P B A A
(p1 + Kk1)2(pa —172)2”[?527 Fr "y 7]
1

(p1 + k1)%(p1 — p2)? tr{fiy" kv Py 1]

+ mt’rwl r-)/l‘ k27p] tT[ﬁQ'}/V}'ﬁl’YU]

_ 4 La(p1,k1,p2,k2)  T(p1, k1,02, k2) +Ts(p1,p2, k1, k2)
(p1+ k1)*

(p1+ k1)2(p1 — p2)?
Where:

Ta(p1, p2, k1, k2)
(pl —P2)4

L a(p1, k1, p2, k2) = tripoy Foy"] trlkryvupr)
Lp(p1, k1, p2, k2) = tr{pay" Koy Frvuprvo]
Since, from above, tr(y#y*yP~7) = 4(nHnPe — nHPyre + nHon¥P) | we have:

tr[pay"fa”] = 4(ph k5 + kyph — p2 - ko)
Thus,

Ta(p1, k1,2, ko) = 32(p2 - kika - p1 + p1 - p2ki - k2)
Note that since pj = k7 = 0 and py + k1 = pa + k2
s=(p1+k1)?=2p1-ki=2ps ko
t=(p1 —p2)?
u=(ky—p1)*=

—2p1 - p2 = —2k1 - ko

—2p1 - ka = =2k - p2

Thus, Ta(p1, k1, p2, k2) = 8(u? + t?) and Ta(p1, pa, k1, k2) = 8(u? + s2).
Using {+v*,p} = 2p" we have:

Lp(p1, k1, p2, k2) = tr{pay" k2" Frvuprvy]
= 2tr[poy" Fovupi Fa] — tr[pay" F2 iy b1
= Atr[pofoprfr] — 2tr[pay v kapi i)
=2tr[paprkofry" W + tr{p2y" kb1’ Pryun]
= —Atr[pofaprfr] — Btrpapi ko]
—tr[pay" ko kry" Pryw vl + 2tr [y K2 k1]

= —dtr[pfapifr] — Atr[papikafi]

From the above identity:

tripakopifn] = 4(p1 - kip2 - k2 — p1 - p2k1 - ko + p1 - kopa - k1)

tr(popikaks] = 4(p1 - pok1 - ko — p1 - kapa - ko + p1 - kopa - 1)
FB(plv klap?; k2) = —32(p1 . k2p2 . kl) = —8u2



This leads to:

2 | 42 2 2 | 2
Z MP = et [S(u +t)+16u +8(u —l—s)}

, 52 st 2
spins
Finally:
do 1 oA [ (u? +t2) N 2_u2 N (u? + s?)
dcos® 16ms |  s2 st t2
Rearranging and substituting o = % :
do 7a? [ 51 1, .t 5.,
Tost - 5 [VGTP TG FE)

Since the particles are massless u 4+t + s = 0 and therefore we may write:

do _ 2ra?

342(C+ )+ (0 + (f)ﬂ

dcost s S t

Working in the center of momentum frame where £, = E},, = Ej, and setting s = 2p; - k1 = 2E§ and
t = —2p; - p2 = —2E2(1 — cos ) Thus,

do —ﬁ[3+2((1— 6) + (1 —cos) 1) + (1 — cos §)* + (1 — cos §) 2]
dC089 = EI% COS COS COS COS

The following is the graph of the function f(0) = (EZ/(wa?)) 742

100
80 |
60
40

20 |

0.5 1 15 2 25 3
The differential cross section diverges as 8 — 0 because in the first (t channel) graph the photon
propagator diverges as the photon approaches its physical mass.



3.) P&S 5.4(a): Positronium Lifetimes

To compute the rate of decay of positronium into two photons consider the process:

Using the Feynman rules and denoting incoming electron and positron momenta and spins by (p, s)
and (p', ") respectively and denoting outgoing photon momenta and polarizations by (k, ) and (K, o)
respectively we have:

iM = (—ie)(e2 (k)" (2 (K'))"

ip—F+m ik =y +m)

x |7 ()" b —m “(p) + T ()" =) — 57" (p)

Now,
(b +m)y"u’(p) = —7"(p — m)uw’(p) + 2p"w’(p) = 2p"u’(p)
() (= +m) =77 () (F + m)y” =207 (p)p" = —20° (p)p"”
Where we have used the Dirac equation. We represent the polarization vectors in terms of a pure

rotation R/ (z — k) that brings the unit vector Z into the unit vector k . Since k/ = —k in the center of
momentum frame, we have:

enk) =R/ (2 —>k) »(Z) =R/ e
e (K) =RY(Z — —k)e (2) = —R;;sz’
We are working in the non-relativistic limit so that:
p= (Epv |p|/Z\) ~ (m,O) p/ = (Epv - |p|/Z\) ~ (m,())
k = (Ep, Epk) ~ (m,mk) k = (Ep, —Epk) ~ (m, —mKk)
(p_ k)2 _ m2 ~ (k _p/)2 _ m2 ~ _2m2
We also choose to work in a circularly polarized basis for the photon states :

et = (0, ®+iy)/V2))
e =(0,x~iy)/V2)

Thus p* (k') ~ (m, O)VR#Eﬁ, = 0 since £ is purely spatial. Thus we have:

i62

iM= o5 (REe3) (RIe)) 07 (1) "y — 7 Hr"] w* ()

Now,
Riy" = (R™)IA" = AR)YPAR)™

and, denoting A = A(R)



=k~ =mR.(1,2)7" = m(l,i)glw‘ylf1 = mA(70 — 73)A71
Thus,

7;62 ’ ’

iM = 5—(e5)"(e5 )" 0 (P)A [V = )7 =7 (° =)y ] A (p)

We consider the operator:
X* = () (€5 ) [ =T =7 (2 = 7))

Since (e*)* = ¢ we have:

X == £ (=) ] =0

X =[O = (Y =) =0
X =TT =0 - (Y )]
We write: -
iM = T () AN (p)

Since ¢+ = (y! +iv?)/V2 :

X' = % [V =) =) + i) = (0 + i) =) (i)
X' = _71(70 =) [ =i + i) = (Vi) (v = iv?)]
X =i =) (v =) = =i = 27) [V

Denoting ¢ = (1,7) and & = (1, — o) we have:

thus, using [0?, 0] = 2ie"F "

ey

Since u*(p) = Au*(R™1p) and T°(p/) = 0* (R~1p')A~! we have:
2

iM= %55/(R’1p’)x““'us(7€’1p)

Now, since we are working in the non-relativistic limit:

w(R7p) = u(p) = \/ﬁ< & )

10



Thus, placing indices on the matrix element:

Z-Maa’ _ EES,( /) aa’us( )
~ om p)x b

IMTT = —iMTT = —2ie2c7 et = —2ietr(e7 )

Where iM*+T = iM~~ =0 . We now consider the matrix A* = §SCS/T where we use basis vectors for
spin along the z axis.
1 0
+t - _( = - =(t =

Thus, using,
0 1 0 0
++ — -—_
w=(0a) =)

e (38) e(8)

Choosing a basis for total spin eigenstates PR

we have:

—= O

A =t - o
~ 1 -1 0
10 _ (\+— —+ -
MO = (AT7 4+ A )/\/5_\/5< 0 1>

N _ _ 1 -1 0
/\00:()\+ Y +)/\/§_E< 0 _1>

We see that all of the A1* matrices are traceless and thus will not contribute to the amplitude. Thus only
the spin 0 state of positronium will lead to two-photon decay at order O(a?). We rewrite the amplitude
for the transition with the understanding that only the spin 0 state makes a contribution:

iMT— = —imMt = —2i62tr(xoo) = 2V2ie?

We now consider the spin 0 positronium state vector:

d3p ~ 1 1
1B) = v2m) [ i) == 1.=p 1)~ Ip L —p 1))/V2

Where {/)v (p) is the Fourier transform of the non-relativistic ground state hydrogen wave function:

0 1p-X mao 8/2
I) = [ vt v = Pl exp(-amlx)
VT

Thus,

1 / d’p aa’ ¥(0)
Vom ) (2m)3 V2m

Summing over final photon polarizations and averaging over initial positronium states (only one of

which contributes to the amplitude for decay) the decay rate is:

iMO (B — 2v) = iM™ d(p) =iM

L k| ’

1 1 ~aa/
PB=2)=3551 ;/Cmmw? om ‘M

11



or, since the amplitude has no angular dependence:

1 2

[(B — 2y) = 2@

$(0)[”
¥(0)] Z,‘M

167mm

-

Now, from above:
12
S | = I o M = et = 8420

ao’

Thus, finally,

12



