QFT 2 : Problem Set 1

1.) Peskin & Schroeder 6.1

We consider the process

We have the amplitude
iM = ie a(kTH(K, k)u(k)

Here I'* =T} + T is the proton vertex function defined by

v

ot q

It = +Fi(¢%) and Iy = —— Fy(q?)

To compute the cross section we square the amplitude and average over initial and sum over final spins.
We use the properties

O ()T = Ty and PO ()T = 14

This leads to the spin averaged squared amplitude

1 2 1 et , ,

1 pz; IM™ =7 A (P yupby) tr (K + m)(T) + Ty)(f +m)(T] —T%))
We have the symmetric tensor

S =t (P py”) = AWM + P =" pp)
Thus we need to compute the symmetric parts of the following tensors. First,
A =t (F + m)DY (F 4+ m)TY) = FE4 K"k + kMK + 0" (m® — K'-k))

Thus,
S AL, = 32F12 (k’~plk~p + K opkp — m2p'pl)

Or,usingq=k —k=p—p,
SHY AL, = 16 F2 (4k-pk-p’ +m?q (1 + #) )
Secondly,
B = ((F +m)ly (f 4 m)lY) — e ((F +m)TY (f + m)T'g)
mtr (F'THTY) + mtr (T7TE) — mtr (FTHTY) — mtr (FL5TY)



Using k' = k + ¢ and symmetrizing,
BW) — mtr (JTHTY) — mtr (4T4TY)

Using o = [y*,*] we find

BW) = LR Fy [tr (" [y d]) — tr (dlv", dv”) ]
Now,
Vol = 290 — 2¢" = =24 + 24"

This leads to
BW) = 4P Fy (¢*n" ~ ¢"q")

Thus,
SM B, = 64 F\Fy (p-p')° = 16 Fy Fy ¢*

Finally we compute

O = —tr (¥ + m)T4 (f + m)T)
We write this as
F2
o = — s [ W AR )+ m e (b )

Using the above identities,

tr (v, 4l 4) = 2t (V4" d) = =16 (0™ — ¢"q”)

Also, using the cyclicity of the trace,

tr (B AR d]) = —4tr (B dkdy”) — 46" tr (F'F) + 4¢"tr (K kdv”) + 4q"tr (KE'7"¢)

Now,
tr (K" dkdy") = 2k-qtr (Fy"dy") — ¢ tr (" fy")

Thus, after some algebra,

2
o) = F—22 [(2m® —k-q) (0" —q"¢") = 247 k*k” + 2k-q(K'q” + ¢"K” — k-qn) ]

After some more algebra,

2
S Chy = —AFF L (4kphp’ — m? )
m
We choose a frame in which the proton is at rest so that k-p=mFE, k-p' =mE and ¢> = —2p-p’ =

—2FEE'(1 — cosf). In this frame the differential cross section is given by (see P&S 5.90)

dO' o 1 g’ 2 1 Z |M|2 _ ﬂ-_O[Q E S#U (AHV —"_BMU + CNU)
dcos  32rm2 \E ) 4 - 2E2\ F 64m2EE' sin*(0/2)

spins

Where we have used €? = 47 Finally, using E'/E = m/(m + E(1 — cosf)) and after some algebra,

do o’ KFl2 - 4‘322 F22> cos?(0/2) — % (Fy + F»)?sin?(0/2)
dcost 252 [1+ 2L sin?(9/2)] sin’ (6/2)



2.) Peskin & Schroeder 6.3

We consider the following contribution to the electron-photon vertex function.

In what follows we will rely heavily on results derived in P&S.

(a)

We consider the interaction Hamiltonian

A -
X _ 3
Hznt —/d$\/§h1/)’(/}

This leads to the vertex rule

The contribution to the vertex function is

ey LN [ dk u(p)(F' +m)y"(k +m)u(p)
a(p)oT*(p', p)ulp) = i o / @mi (k—p)2— m}%) (k2 = m?) (k2 — m?)

Where we have omitted the ie term from the propagators. We now introduce Feynman parameters and,
following the treatment in P&S, write the integral as

A2 it ! 2N
— (] (] —— — J—
a(pHoTH(p', p)u(p) = i 5 / L /0 dedydzd(x +y+2—1) 3

Where | = k+yq—2p, D =1? — A +ie and (see P&S 6.52)
A = —ayg® + (1 - 2)°m? 4 zmj,
Also, expressing the numerator in terms of s =k — 1 = zp — yq,
N = a(@)( +4#+d+m" 0+ #+ mu(p)
We now rewrite N as follows

N = a(p) [ A" + Bw" + C¢" | u(p)



Where ¢ = p' — p and w = p’ + p. Making use of a(p')du(p) = 0 and @(p’)fu(p) = zmu(p’)u(p) and
ignoring terms linear in [ which vanish upon integration, after some algebra, we find

A=-1P-2m’+(1—-z)(z+2-1)

B = m(2* - 1) C =m(z+1)(z—y)
See appendix for the B computation. Note that C' vanishes upon integration over x and y. We now
make use of the Gordon identity
2ma(p’ )y ulp) = a(p’) [w" +ic"q, Ju(p)

We are interested in the contribution to the anomalous magnetic moment. We write the vertex in terms
of the form factors

0T (g, w) = 7" (Fi(@®) 1) = 5~ Fald?)
Thus
d*l
(2m)?

! B
/ dedydzd(x +y+2—1) =
0

F(¢?) = —2im)\2/ 55

We evaluate this at ¢ = 0 to find

_ gz [ (= —2)
dap, = F5(0) = 2im” X /(27r)4 /0 I (12 = Do(2) +ie )’

Where Ag(z) = (1 — 2)?m? + zm? . Wick rotating and performing the [ integral we find

A2 /1dz (1—22)(1-2)
0

= e fy A

Where p = my/m. This integral can be evaluated in Mathematica and after some further manipulation
we may write

2y-2 3 o Ly 9 p2(4—5p2—|—p4) 2p
(m)"A 6%_2 p+2p(p 3)ln(p)+ V/pt — 4p? . p? 4/ pt —4p?

For large p we find
(4m)2A"28an ~ 2Inp—7/6)p 2

For small p we find
(4m)’X\"2 6ay, ~ g —7p—3p*Inp

The following is a graph of (47)2A~2 day,
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(b)

As can be seen from the graph above, dap is a monotonically decreasing function of p which takes the
value dap, = (3/2)\?/(4m)? for p = 0. For a Higgs particle of mass 60 GeV coupling to the electron
Sap ~ (1.5x 1072)A?/(4m)? . Thus for A = 3 x 1075 | a massless Higgs leads to daj, ~ 10713 and a 60 GeV
Higgs leads to dajp ~ 10722. Both of these bounds are well below da, ~ 107'° which would require
A = 3.2 for a 60 GeV Higgs. Of course this value of A calls into question the perturbative calculation

used in deriving it.

For a Higgs particle of mass 60 GeV coupling to the muon da, ~ (3.2 x 107°)\2/(47)2.
A =6 x 10"*, a massless Higgs leads to da, ~ 1072 and a 60 GeV Higgs leads to day ~ 10713 . Both of

these bounds are below day ~ 10~8 which would require A = 0.2 for a 60 GeV Higgs.

(c)
We consider the interaction Hamiltonian
iA -
Hiyy = [ @z —=ayn®

This leads to the vertex rule

The contribution to the vertex function is

Sl >

A2 Ak )y (F + m)y (4 m)y u(p)

a(p")oT*(p',p)u(p) = —i —

This result is the same as that for the h field above except

N = a()(J+4#+d—mH"(+#—mu(p)

After some algebra (see appendix), this leads to

B=m(l-2)?
Thus ) . .
Sa, = A / dz &
@z Jy CU— 22+ 2772
Again we allow Mathematica to do the integral for us and we find

pt(3-r%)

2 ) G (G —p)? — ) (W7 — m?) (k2 — m?)

2p

1p2 (p2 — 1) In (p2) +

1
(472N "2 8aq = = + p* — 5

2

N

For large p we find
(4m)2A"28a, ~ (2lnp —11/6)p~2
For small p we find

1
(47)2A"2 Sag ~ B + (1+1np) p?

ln(

RN

)



The following is a graph of (47)2A~2 éa,
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For an axion that is lighter than an electron coupling to an electron a value of da; < 10719 would
require A < 1.8 x 1073. For an axion that is lighter than an electron coupling to a muon a value of
daj, < 1078 would require A < 2.3 x 1074,

appendix

We compute the B term contributions to the numerators above. Using s = 2p — yq, w = p+ p’ and
g =p' — p, we systematically ignore terms that will not produce a factor of w*

N =

R

Thus

U
U
U
U
U

VI +#+d+m)y"( + # £ m)u(p)

(P") [(# £ m)y"(# £ m) + g7 (# +m) ] u(p)
(") [#7y"# £ 2ms" + mgy*(z + 1) u(p)
(p) [2ms"(z £1) — 2mp"(z £ 1) ] u(p)

)

) [mwtz(z £1) — mw”(z 1) u(p)

B=m(z-1)(z%x1)



