QFT 2 : Problem Set 2

1 Peskin & Schroeder 7.3

We consider a theory of QED coupled to a Yukawa field. The Lagrangian is:
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We consider the following process, where on-shell fermions interact with an external photon source:

.
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Where we have:

(W' |iT[A] |p) = —ie(v/Z2)? (p' )T (', p)u(p) Au(p' — p)

Where we have introduced an external potential EM and suppressed the spin labels on the incoming
and outgoing electron spinors. We consider the finite quantity Zou(p')T*(p',p)u(p) to O(A?), where
—iel'™(p’, p) is given diagrammatically, to O(eA?), by the amputated vertex :

D’

Where the Yukawa particles are represented by black dashed lines and we are implicitly ignoring
external propagators. Thus we have:

TH(p',p) =" + 6T (p', p)

We also define Z1T#(p,p) = v* . Our aim is to cancel the divergence in T'* against the divergence in
Zs , which will be computed below, and verify that Z; = Z5 as required by the Ward identity. We first
compute u(p')dTH(p’, p)u(p) using dimensional regularization.
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Where k' = k + ¢ and ¢ = p’ — p . We rewrite the denominator using the Feynman parameter trick:
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D = x(k* —m? +ie) + y(k'* — m? +ie) + 2((k — p)* — M? + ie)
Usingp?=m?2andz+y+2=1":
D =k*+2k- (yg — 2p) + y¢* + (22 — 1)m® — zM> + ic
Defining | = k + (yq — zp) and using 2q - p = —¢* we have D = [? — A + ie where:
A= —zyg* + (1 —2)?m? + 2M?

Working in the rest frame of the particle with momentum p’ , ¢* = 2m? — 2mE, < 0, and thus A >0 .
Thus we have (since d%k = d?l ) :

! d?l N
— ! 1 / — 2 —
u(p")oTH(p', p)u(p) = iA /0 dxdydzo(x +y+ = 1)/ Gm) (Z—A 1)

Where,
N =up) (] +zp+ (1 —y)f +m)y" (I + zp — yd + m)u(p)

Dropping terms linear in [ which will vanish upon integration and setting ¢ to zero since our goal is to
compute 677 we find:

N =a(p )y Julp) +a@') (zp + m)y* (zp + m)u(p)
Now, using pu(p) = mu(p) and u(p’)p = mu(p’) ,

N =u(p )y Ju(p) + (1 + 2)*m*u(p’ )y*u(p)

Anticipating integration, since the denominator is spherically symmetric in [ we may make the replace-
ment:

a(p') (I )ulp) — él%aﬁﬂ(p’)(vav”vﬁ Jup) = 122 - 9Dt yyup)
Thus,
N =u(p’)y"u(p) (12(2%‘ld) +(1+ z)2m2>
Using, ) ) . )
/o dedydzé(x+y+2—1)f(2) = /0 dz/o dy f(z) = /0 dz (1 —2)f(z)
We have,
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We now perform a Wick rotation and define 1° = il and I° = [%; . Using,
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dl 2 L fdly B —i(-)"dT(n—dj2—1) (1)
/ 2m)d (12 — A +ie)» —i=1) / (2m)? (1% +EA)” T (4m)dz 2 I'(n) (Z)

We have,
a(p)or* (p, p)u(p)
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We now substitute € = (4 — d), and use I'(2 — d/2) = I'(¢/2) = 2/e — v + O(¢) . Working to O(A\?) we see
from the definitionof Z; that §Z1y* + dT*(p,p) = 0 . Thus, neglecting terms of O(e), 677 and is given

by:
A2 ! €. Arm 2 (e—2) (1+2)*m?
5Z1——2(47T)2/0 dz(l—z)(l—l—ilogK) (<2—~y> 5~ A >
Or,
A2 ! 2 4t (14 2)%m?

Substituting A = (1 — 2)?m? + zM? |
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Note that the divergent part is :
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We now compute Zs and show that Zyw(p')[*(p’, p)u(p) is finite. We anticipate a factor §Z; of O(\?)
such that, to O(A\?) ,
Zyu(p" )T (p', p)ulp) = (p") (40 Z2 + T (p', p))u(p)

We see that, from Z1T*(p, p) = v*, we must have that Zo/Zy ~ (1 + §Z3)(1 — 0Z;) is finite. Or that the
divergent parts are equal 077 ~ §Zs . In fact, from the Ward identity, 6Z; = §Z5 . We now compute Z5

by calculating the Fourier transform of the full electron propagator evaluated at the physical mass. If we
define

Glp) = / dhz e (9] T($()P(0)) )

Where 9 and |Q2) are, respectively, the field operator and vacuum state of the full interacting theory. We
then find that,
iZ2(p +m)

G m ~ o e

G(p) is defined in a perturbation series as,

G(p) = Dr(p) + Dr(p)(—iX(p))G(p)



Here —iX(p) is the one particle irreducible two point Greens function and Dp(p) is the free Dirac field
Feynman propagator :
i(p +mo)
Dp(p) = L0
#(p) p? —mi +ie
We explicitly introduce the bare mass myg in the free propagator. It was present above but was neglected
since we were working only to O(\?). Diagrammatically G(p) is given by,

®o- - 9@

The solution to the iterative equation for G(p) is given by:

Gp) =i (p—mo—(p) ™"
Expanding Y(p) around the physical mass m = mgy + X(m)to O(p —m) :

() = S(m) + (- m%(m)
We have, again to O(p —m) :

dx i+ m)
%(m)> p2 —m? +ie

This expression has a pole at m , which is why we chose m = mg + X(m) . We see that,

We now compute X(p) to lowest order in both e and A since we will need the O(e?) contribution in part
b of the problem.
We express these contributions as,

6 = (1-

La(p) = Te2 () + T2 ()
Diagrammatically, —iX(p) is given to O(e?) and O(A\?) by:
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We first compute Xz (p) :

. o —idy, [ dk i i(f+m)
—i¥2(p) = (W) / 2m) ((p — k)2 — M2 + ie) (k2 — m? + i€)

Introducing a Feynman parameter,

N ddk (k+m)
Eaelp) = / / ((p— k)2 — M2) + (1 — )(k2 — m2) + ie)?

Defining | = k — zp we have,

= MQ/ / ddl (J+ zp+m)
A B T2 4 2(1 — 2)p? — aM? — (1 — 2)m? + ie)*

Ignoring terms linear in [ , defining A = —z(1 — x)p? + M? + (1 — 2)m? and Wick rotating as above :

—)\2/ /ddlE a:]b—l—m)
Y (p) = AP
(1% + A)?

Thus, using relations from above,

She(P) = 2(_4—;:)2/0 dx (I]b—l—m)(% —-7) <1 + %10g%>
Thus, )
_)\2 T

EAz(ﬁ)zﬁ/o dx(x}ﬁ—i—m)(%—v—i—logxMz ( 4

T(l-2)m2—=z(1- I)p2>

07y = ((1 - di}f (m)) - 1) ~ di}f (m)

07 ——_)\2 /1d:vac z_ +1lo am + 2(1 — 2%)m?
2_2(471')2 0 e ga:M2+(1—x)2m2 xM? + (1 — z)?m?

Changing variablesto z =1 —x :

We have to O(A\?) :
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Note that the divergent part is :
—)\2
2¢(4m)?

This is the same result found above for the divergent part of 6Z;. From above,

S 2 4 (1+ 2)?m?
Zi=—_ [ azq1-2(Z-q 1
% 2(47T)2/0 2(1=2) (6 (147)+1og (1—2)2m2+ zM? + (1—2)2m2+zM2>

02y ~

Thus,

07y — 62y =

A2 ! (14 2)%m?
)\2

-~ ' ~ (=10 VM2 4 22m2 22(2 — 2)m?
+2(4F)2/0 dz (1 )( log ((1 — 2)M? + )+(1_Z)M2+Z2m2>




/01 o <(1 L)t (- 22 log (f(e)) 4 LM — (L z>2m2>

f(2)
f(z) = (1 —2)?m? 4 zM?

d ) B (z — 2% (—2(1 — 2)m?* + M?)
L (= - ) log (F())) = (1-22)log (£(2) + —

After a little algebra we find that §Z; = §Z5. Thus the Ward identity is satisfied. This is generally true
for this theory as a consequence of the gauge invariance of the Lagrangian.

Since we will need the O(e?) contribution to §Zs in part b, we now compute X2 (p) using dimensional
regularization :
i i m,
2m)4 ((p — k)% + i) (k2 — m? + i)

~i%a) = (il [ ¢

Introducing a Feynman parameter,

LS (f) = —e . ddk 7 (F A+ M)
Ee /d / — )2+ (1 — 2)(k2 — m2) +ie)?

Defining | = k — zp we have and ignoring terms linear in [,

S (p) = —e / / d’l 7“ (ah + )
— A +ie)?

Where, A = —z(1 — 2)p? + (1 — 2)m? . Using y*(xp + m)vy, = (2 — d)xp + dm and Wick rotating we

have : ;
i) = / /dlE (2—d)xp+ dm
(12 + A)?

Using relations defined above,

1
Sl = /0 dx (%—*y—i-log %”) (e = 2)xp+ (4 — m)

—i%(p) = (4;)2 /01 dz <(2x15 — 4m) <§ —1—v+]log %”) - 2m>
To O(e?) :

2 (2 e A 2z —2)(1—2)
522_(“)2/0(1()(6 S R e Ry G )

Note that the divergent part is :
—2¢?

022~ e(4m)?



We confirm that (to O(e?)) §Z; = §Z5.The contribution to Z; comes from the amputated vertex
diagram:

D’

p

We compute §Z; from the definition §Z19* 4+ 6T (p, p) = 0 . We compute u(p’)dTH(p', p)u(p) to O(e?)
using dimensional regularization.

a(p")oTH(p', p)u(p)

— e / dk a(p')y” (B +m)y™ (F +m)yu(p)
2m) ((k — p)2 + ie) (k2 — m2 + ie) (k2 — m? + ic)

The denominator can be rewritten as,

1

(k= p)? +ie) (k2 — 17112 Fie) (k2 —m? tie) /0 dodydz0(e +y+ 2 - 1)%

Where, using k' =k+qgand g=p" —p,
D =k*+2k- (yqg — 2p) + yg® + (22 — 1)m?* + ie
Defining | = k + (yq — zp) , D = 12> — A +ie . Where,
A = —zyq® + (1 - 2)*m®
We may thus write,
! d’l N
u(p)oTH (p', p)u(p) = —21'62/0 dedydzd(x +y+ 2z — 1)/ or)i (Z=A T ic?

Where,
N =ap )y (I +zp+ (1= y)d+m)"( + 2p — yd + m)yu(p)

Dropping terms linear in [ which will vanish upon integration and setting g to zero since our goal is to
compute 671:

N =) + 7z + m)y* (2p + m)vJu(p)
Now,
VI = Ll Y
Anticipating integration we replace l4lg by él2na5 . Thus, using y*y*v, = (2 — d)v* we have:
(2 —d)?

v 1 vV _
VI = 3127 VAV = TZW‘

Now,
(zp +m)yulp) = vom(l — 2)u(p) + 22p,u(p)



a(p)y” (2p +m) = m(1 — 2)u(p)y” + 22p"u(p)

Thus,
u(p)y” (zp + m)y* (2P + m)yulp) = u(p)(m(l — 2)7" + 22p")7* (m(1 — z) + 22p, Ju(p)
= m?u(p)y"u(p)((1 - 2)*(2 — d) +42)
Thus,
N = apptut) (S0 w22 - )+ 42)
To O(e?):

op gt (B2 m (1= 222 - d) +42))
YAl 22262/0 dz(l—z)/ o) AT

Using relations defined above:

B _e2 4\ 2-4/2) 2-d)? m? )
6Z1_W/o dz(1—2) (K) (F(2—d/2) 5 —K((l—z) (2—d)+4z))

Working to O(e = (4 — d)) :

87y = (;f; /01 dz (1 - 2) <1 + glog %) <<§ —7) (¢ _22)2 + %2(2(1 — )2 4z)>

Or,
—2¢2 (1 2 dr  m?
071 = —— dz (1 - -—2- log— 4+ —((1-2)>-2
= e (o2 (- 92 - 2)

Note that the divergent part is :
—2¢?
071 ~ ———
! €(4m)?

This is the same result computed above for 675 . Setting A = (1 — 2)?m? :

2 (2 e e AT (1—2)> —22)
521_(“)2/0(1(1 )(e Sy G e A (s )

Thus, to O(e?) :

By LY £ S S (L) et
VA 5Z2_(47T)2‘/0d (1 )(e 2 7+1g(1_z)2m2+ (1-2)2 )

2¢2 1 2 4 2 1)z — 22
4+ /dz(l—z)<——2—”y+log 27T2— (z+1)z Z)
0 € zZ°my

(4m)? 22
—2¢2 ! 22 2(z+ 1)z 2z
071 — 629 = —— dz (1 — 1 -
N R e R e =)
Now,
1 2 1
/ dz (1 - z)log 2:/ dz2((1—2)logz — zlog 2)
0 (1-2) 0
From, 4 (2" logz) = 2" Y(1 + nlogz) ,

1 1
/ d22(10g2—2210gz)=2/ dz (-14+2)=-1
0 0
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And,

/Oldz2z(1—z)((zz—i;1)_(1_12)2) :/01d222(1_z)((22;1)_2iz) .

Thus 671 = §Z5 as is required by the Ward identity.

b)

We now consider the ¢t vertex and the finite quantity Zgﬂ(p')f(p',p)u(p) to O(\%,e?), where f(p',p) =
1+6T(p',p) and Z1T(p,p) = 1. —i%él"(p’,p) is given diagrammatically, to O(\3, Ae?) , by the amputated
vertex graphs :

We compute the divergent parts each of these graphs and attempt to cancel the divergences against
those arising in the respective propagators computed above. That is we attempt to cancel the O(A\?, e?)
divergences in Z; against those in Zy . To O()\?,€?) we have 6T'(p’, p) = 6L 2 (p',p) + 6L 2 (p', p).

u(p)olx2 (p', p)u(p)

V2 (2m) ((k —p)2 — M2 + ie) (k2 — m?2 + i€) (k2 — m?2 + ie)

Where k' = k+q and ¢ = p' —p . We again rewrite the denominator using the Feynman parameter trick.
We also set ¢ = 0 from the outset of the calculation. Freely using results derived above:

a(p)oT x2 (p, p)u(p)

e [ Al u(p)(f + zp+m)( + 2P+ m)u(p)
=1\ /0 dz (1 - Z)/ (27 (12 — A +ie)?

= (

Where | =k —zp , A = (1 — 2)?m? + zM?. Ignoring terms linear in [ we have:

A u(p) (12 + (1 + 2)%*m?)u(p)

ﬂ(p)&f)\z (p,p)u(p) = iAQA dz (1 — Z)/ (2m)d (12— A +ie)3

Thus, to O(\?) ,

Y & A (12 + (1 + 2)%m?)
621——1)\2/0 dz(l—z)/(%_)d A+ i)

7= gy [as1- ()7 (Sra -y - L)

Or,




~ A2 ! 4 ar (14 2)%m?
Z1 = dz (1 — - —2y—142log— — ————
o2 2(47r)2/0 2(1=2) <6 7 +alog A )

Thus the divergent part of 62 (to O(\?)) is :

~ —\2
021 ~ —
! €(4m)?
This does not equal the divergent part of the O(A?) contribution to §Z5 derived above :

a2
022~ 2¢(4m)?

We now compute the divergent part of 571 to O(e?):
a(p")oT ez (p', p)u(p)

I dik i e F +m) i(f+m)
- i [ G G e

Again using the Feynman parameter trick and setting ¢ = 0:
u(p')ole2 (p', p)ulp)

P Al a(p)y* (J + zp +m)(J + 2p + m)yuu(p)
= —2ie /0 dz (1 —z)/ ) E—A -+

Ypu(p)

Where [ =k — zp , A = (1 — 2)?m? . Ignoring terms linear in [ we have :

T ' i u 2 2)2m?)u
@(p')oT ez (¢ pu(p) = —2ie? /O dz(1 - 2) / (;ﬂ;d <p><dl(l2+ fl(i : 2)3 Ju(p)

Thus, to O(e?) ,

= ! dil (dI? +d(1+ 2)?m?)
9.2 _
07, = 2ie /0 dz (1 z)/ G (E—ATic)?

52, = % /01 dz (1 —2)d (%ﬂ) e (gr(z —d/2) — %)

Working to O(e = (4 — d)) :

521_%/01@(1_@(4_6) <1+glog%) ((4;) <§_7> LETLT

Using the preceding similar O()\?) result ,

Or,

5 —de? [T 4 4dr
§Z = — [ dz(1—2) (2 —2y—2+2log— - LT
1 (4m)2 /0 z( z) (E v + 2log A
Thus the divergent part of §7Z; (to O(e?)) is :

5 —8e?
021 ~ ——
! €(4m)?

This does not equal the divergent part of the O(e?) contribution to §Z» derived above :

—2¢?
07y ~ ———
> (am)?
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