QFT 2 : Problem Set 4

1 Peskin & Schroeder 11.3 : The Gross-Neveu model
We have the following Lagrangian in d = 2 dimensions :

L= it + 50 Ga)”
with ¢ = 1,..., N . The two-dimensional Dirac algebra is represented by v* :

{7y = 291

70 = o2 and ~! =io!

We also define v° = 4041 = o3 .

(a)

We consider the behavior of a massive generalization of this Lagrangian ,

L= i +mb 4 5o (G)

under the transformation :

i = Vi
We have :
L — (Vi)' iy + m () 10w + %92 ((75'(/11')T'7075¢i>2
Since,
{**4°} =0 and +°/° =1 and (75)Jr =5
We find :
L — 90" 10,7 %i +mip[r 7 i + %gQ (¢2757075¢i)2

Or,

L — iy, — mpp; + %QQ (%%)2

Thus only the mass term violates the symmetry.

(b)
Denoting the mass dimension of the Lagrangian by [£] we have :
(L] =d

Thus,
[¢i] =(d-1)/2 and 2[g] =d-2(d—1)
Or,
[9] = 1—d/2

Thus in d = 2 dimensions the coupling is dimensionless and therefore the theory is renormalizable.



(c)
We consider the following path integral :
_ — — 1
/Dz/)quDa exp [z / d*z {wii@wi — o — 29_202”

Introducing the change of variables : -
G =0+ g b
We find : ) .
— ~ . - . — 2 9~
[ Pop0vs e i [ @ {Bive + S G’ - 3o

:/Dapweifd%ﬁ /Da eXp[i/de {—59—252}]

Thus up to a constant given by,

erls )] = [Doen|i @ {-1o0}]

the functional integrals are identical.

(d)

We define the generating functional for the scalar field o(z) :
201 = [ DD Yo cSlrBalis e
Where,
_ — — 1
Slo 0,0 = / d*x (%Md’i — oY — 59_2 Uz)
We now decompose o as 0 = 0.+ 7 . This leads to :

Z[J] — 6i§[06]+ifd21jac /Dneig[n]fig—Q fd210'c"7+ifd2xj"l

[ DDy e (o)

Where,

q —1 2, 2
Since we are computing the effective action to the one loop level we may ignore the 717 term in the Lagrangian.
From the definition :

(det (i) — o)) = /DEDw exp [z / P (5,0 — 0B}

We have :

Z[J] _ ezS[UC]+ifd21J0'c (det(la — UC))N

% /Dneig[n]fig’Qfd2zacn+ifd293J17



We can also ignore terms linear in 7 since they will vanish by the condition we place on the external current
counterterm that all 1PI one-point graphs vanish as well as the condition :

051
on ()
Where J; is the renormalized external current and Sj [n] is the renormalized action appearing in the n path

integral. Furthermore since there will be no contribution to the effective action to one loop from the n path
integral we may write :

Plod = —imZ[J] — / e J(@)ou(z)

Or, _
Tloe = Soe] —iN Indet (i@ — o)

Where counterterms are implicit. We now calculate :
In det (i@ — o.) = Tr[In (i@ — o.)]
The determinant is invariant under a (unitary) Fourier transform. Thus, denoting

D(z,y) = (i§y — o.) 6(x —y)

e e In [det D [o.)] = In [detf)[acﬂ
Where,
Blp) = [ Pre?® (19, — o0 e = (20 8- 1) (h — o
Thus,
Trln D] = Tr {m f)] " {(%)2 82(p—k) In (p — ac)}
Or,

2

Trfin D] = (2m)? 62(0) / (jﬂl)’g trIn (f — 00)]

Where we use Tr for the full functional trace and tr for the trace over Dirac indices. We now find the eigenvalues
of :
—o.  —i(p’—p")
— 0. = .
b= (it
It turns out that the eigenvalues are —o. + 1/p? . Thus,

dp " In (—O‘C + \/]?) 0
(2r)? 0 I (~o. — /p?)

Tr[ln D] = (27)* 6%(0) /

Or,
d?p
Tr(ln D] = VT/ 5 In (—p* +07)
(2m)
Now, introducing e =2 — d ,
d%p 2 o2\ Y2 € o2\ 72
In (—p?4+0%) =i=T[1-d/2 | -< =i(14+=)Tle/2 | =<
[ o (e = i a2 () =i(1+g) Tl (£)

= (1+§) (i—'y) (Zj) (1—;1n (Zj)) = <Zj) (1—ln(az)+<i—’y+ln4w>)



Applying modified minimal subtraction, we find :

o] = -VT {9—2 02/2 + N (Z;) (In (02 /M?) — 1)

Where M? is the renormalization scale. Thus, to one loop,

2
Vg = g7 02/2 + N (%) (1 (o2/04%) -1

(e)

We minimise the effective potential to find :

_ OVeyy

0 do,

—2 Oc 2 /272
= %0, + N (52) In (o2/M?)
This has solution :
Jg — M2 e27/(8°N)

This gives a mass to the fermion and breaks the symmetry in part (a). This breaking will take place for any
non-zero value of M. Note that the mass goes to zero for small g. Note also that this mass is non-perturbative
in the coupling g, that is it does not have a well defined expansion around g = 0, and thus could not be
computed using an expansion in Feynman diagrams.

(f)

Clearly we may write :

03 Ug 2 2
Verf = N 22N + = (In (62/M?) — 1)
Which is of the form :
Verr = N f(g°N)

In fact, returning to the original path integral after the introduction of 7 :

Z[J] _ eig[ac]+ifd21:Jo'c /Dneig[n]fig—2 Jd?zo.n+i [d>zJn

X / Dapw ei f d*z (El 7’¢'¢’1 - Ucaiwi - naﬂbl)
Ignoring terms linear in 7 , we see that this may be written as :
Z[J] = eiSlocl +i [d*zJoe / Dn (det (i@ — (0. + n)))N ¢t 5]
Using,
det (i@ — (o.+1n)) = det (i) — o.) det (1 — (i — oo)" 77)
We have,
Z[J) = eiSlod i Eetoe (qet (i) — o))" / Dy e* 52011

Where S5 is the action that generates the two loop and above contributions to the effective action :
-1

S = N {QQQN /d%mf — i (1 (i — 00! n)H

Clearly this is also of the form :

Sa[n] = N f(°N)

Thus as N — oo the contributions to the path integral from these terms are suppressed.



