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1.) P & S 13.3 : The CPYN model
(a)

We begin with the Lagrangian

1

Ll = 5

[0%Z;-0z; + Zj 2, 02j- 0z |
Given the constraint z;z; = 1, this Lagrangian is invariant under
25(@) — € z(a)
This is demonstrated as follows
P L[] = (0z; —iz;00)- (07 +iz;0a) + Z; Z (025 + iz;0a)- (Dz), + i2,00)
= ¢*L[z] + z2; (1 — Zrzk) Oa-0a + (1 — Zgzy,) i0a- (2;0Z; — 2;0z;)

Where we have applied the constraint z;z; = 1, a consequence of which is z;0z; = —z;0Z; . Thus the
Lagrangian is invariant under the above local transformation. We now consider the non-linear sigma
model action for N = 3:

N=3

1 o o

Lg2[n] = 22 on’ -on? where E nnt =1
j=1

Here we have denoted the target space of the non-linear sigma model to be S?. We now introduce the
target space coordinates n/ = Zo'z, where ¢’ are the Pauli matrices and z € C2. Making use of the
Fierz identity

Oab Oca = OabOcd — 2 €ac €bd

We find

' n? = Zozp ZeZd 0oy Ovg = ZaZa Zb%b

Hence n/n/ = 1 implies Z,z, = 1. We now make use of the Fierz identity to reexpress the nonlinear
sigma model Lagrangian

9’ Ls> = %3(%%)'3(2&(1) Ol Otg = — 0(Za2) 0(Zc24) €ac €b
Expressing the target space coordinates as z, = (a,b) we find
9*Ls2 = 2[0(ab)-0(ba) — d(aa)-0(bbd) |
= 2[bbda-0a + Gadb-0b — bada-0b — abdb-Oa |
We now consider the Lagrangian for the C P! model. Making use of the constraint we write
P Lop = 0%zj-0z; — 2j 2, 0%;-02,
= bbda-0a + aadb-0b — bada-0b — abdb-da

Thus the models are equivalent. It should come as no surprise that the manifolds are the same, S = CP'.



(b)

We now consider the Lagrangian
gQL: [Z,A,)\] = DZj~Dzj - A (Eij — 1)

Where D,, = 0,, + 1A, . We write out the generating functional and integrate over the scalar field A to
produce a functional delta function

z = /DZDZ/DAD/\ exp |:;2/d21‘DZj~DZj — A(Zjz — l)]

= /DZDZ/DA(S[Eij —1] exp [g/dQ:cDéijzJ}
g
Using the constraint we may write
DZj'DZj = (85j —iA Zj)-(azj +iA Zj)
= 82j~8zj + A? —QiZJ‘A'BZj
= (%jﬁzj + (A*Z‘ZjaZj)Q + (5j82’j)2

Changing variables in the A path integral and dropping the large constant term we find the generating
functional of the C P model

Z = /DZDZ(S[ijj — 1] exp {Z/dzzr [0Z-0z; + Z;Z 0z;- 0z ]
g

(c)

In order to express the Lagrangian in terms of a quadratic operator we write
DEj'DZj = (8N2j — iAMZj) D“Zj
= Ou(3D"%) — z;DuD"%;

Ignoring the total divergence we write the generating functional as

Z = /DADA exp [g/d% )\} /DZDzexp [12 /d%zj (—D? -\ z]}
g g
Absorbing the factor of g2 into the N +1 complex fields we write this in terms of a functional determinant.

z /DAD)\ exp {;/d%x} [det(D?+ )]V

/DAD)\ exp {—Ntrln(D2 + )\) + é /d2x )\}
Where we are assuming that N > 1. We thus have the action
1
S[A N = /d%« (iN<x|ln(D2+)\) ) + ng)

Taking the variation with respect to A,

08

o 2 1 pu
5A, 2N (z| (D*+\)  DH|z)



If we take A = 0 and A = m? this vanishes by translation invariance. Taking the variation with respect

to A and setting A = m?
éS ) -1 1

Using dimensional regularization (e = 2 — d)

2 ) ™ €/
(x| (52+m2)_1 |x) = 7/ (ZWZ;Q (p2 me)_l = EF(E/Q) (:12)

We write this in terms of a cutoff A as

(2] (92 +m2) " |2) = % In <A>

m

We define a renormalized coupling g, in terms of the mass scale M

L_ 1, N /A
#? ¢ aw M

Thus we may write the solution to the A equation of motion as

21
S

(d)

Expanding the action, the O(A?) term is given by

2 ~ ~
S1A] =~ N/%Au(k)/lu(—k) (yn*™ — L1 (k)

Where

And, using dimensional regularization (e = 2 — d)

2p 1 1 am \“?
=i = T(e)2) [ —
7 Z/ (2m)2 p2—m2  Arx (¢/2) (mQ)

i - [ dp o (2p" — k) (2pY — kY)
D) = | e (R

And where

Defining ¢ = p — zk we find

1 2 AV _ 2 .p1.v
F‘“’(k):i/ d:r/ alq2 4qtq” + (22 12)kk
0 (2m) (¢ = A)

Where A = —z(1 — 2)k? + m?. Using

. d2q 1 1 | /dr /2
Z/ G0t AP~ N g <A>

[ dq g 1, 47\ /2
if o G af ~ 5T (A)

And




We find the finite result
1t A 1
wo_ ey = — | de | In| — PEY (22 —1)2 —
Yn 5 LM (k) 47T/0 x[n n{ s ) + KK (22 - 1)7 o1
This may be written as
1 1
Y0 = g T k) = o (W20 Lk fm?) = KR (K /m?)]
T

Where,

And,
2 1 12
Ig(a2) — _‘L/ dx( (2$ ]-)
0

2 1—2z(1 —2)a?)
It may be shown that I1(a?) = Iz(a?). Note that the quadratic term in S[A], like the Maxwell action

1 v 1 d2k A A 7" TER%
SEM[A] = _@/(PxFuuFl = —@/WAM(]G)AV(—]C) (k‘277} — KMk )

has a transverse propagator.



