Problem Set 2: Solutions
Physics 330

Due Date: October 12, 2007

1. (MW 1-21) Find the solution to the differential equation

dq 1 - t 2 —t/T
Rdt—f'cq—‘/o(T> e .

Since this is a linear equation, the general solution is of the form ¢(t) =
qn(t) +gp(t), where ¢,(t) is the particular solution and gy (¢) is the homogeneous

solution, i.e. gy satisfies
dqh 1
Rth 4
a ot

Years of physics education have conditioned us to instantly write down the
homogeneous solution to this equation:

an (t) — Ae—t/RC

=0

From Problem 2 of the last problem set, then, we know that
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This integral has different forms depending on whether or not = = RC. If
7 # RC, then we have
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We can then apply the initial conditions to set A:
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Meanwhile, if 7 = RC', we have instead
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and since ¢,(0) = 0, we must have A4 = 0 as well, i.e. ¢g(t) = gp(t) for these
initial conditions.

To summarize,
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2. Fun with quaternions!

Throughout, we have

0 ol —io?
(% 9] o=

(i) Show that I? = J? = K? = -1 and IJ = K.
This is fairly straightforward:

2= [_0501 00101] _ [—01 01] _ 1

g2 — [—0—502 _0302] _ {—01 _01] _

K2 [—0503 70%03 _ [—01 01} _
17 = {ia?o2 ii)lﬂ - [i(i?73) i%UB)] =K

as desired. O

(ii) Compute the quaternion commutator [g, ¢'] for two quaternions of the form
g=ql+ql+qJ+uk.

Let us compute the commutator of I and J using the algebraic relations
derived above. We have

[IJ=K=IP]j=-J=IK=-JK=IK’=—-I=J?K=-K=JI



(iii)

(iv)

and thus
[I,J] =2K

Similarly, it can be shown that
[J, K] =2I (K, I]=2J

Finally, the matrix 1 commutes with I, J, and K, and every matrix com-
mutes with itself. This greatly simplifies the calculation of the general
commutator:
[0:4'] = [l + @2I + g3 + @uK, 11 + g51 + q3J + ¢4 K]
421, a5 7] + (421, a4 K + (937, a5 ]+ [as J, 44 K]

+ @K, ay1] + [aa K, ¢5J]

([0 0') = 2(a804 — @aa5)T + 2(0adh — 120)J + (020} — 430K |

Show that for I = aqI + aaJ + a3K to be a complex structure, we must
have >~ a? = 1.
This is fairly straightforward. If I is a complex structure, we must have
I? = —1. This implies that
-1 = (a1I —+ OZQJ + OégK)(Oél_[ —+ OZQJ + C¥3K)
= a%[2+a§J2 + a%KQ
+ CY1042(IJ + JI) + Oéloég(IK + KI) + O[QOZ3(JK + KJ)
The cross-terms vanish since these matrices anticommute with each other,
and we're left with
A taitai=1

as desired. (]
Show that any quaternion multiplied by its conjugate (§ = ¢11 — g2f —
qsJ — q4K) is positive.
We just multiply it out:
97 = (11 + g2l + g3J + @uK) (11 — 21 — g3 — qu K)

= @G1-¢3I* — 3 — GGK° + qi(go] + 37 + uK — oI — g3 — uK)

— a2q3(1J + JI) — qaqa(IK + KI) — q3qu(JK + K J)

= (¢i + 43 +45 +4i)1

which is a positive multiple of the identity, as desired.

a. Show that if ¢ and ¢’ are unit quaternions, so is qq’.
We first show something more general: for any two quaternions ¢ and
¢, q¢’ = ¢'q. Proof: multiply it out.

(1 + g2l + q3J + uK) (11 + g5 1 + g3 + ¢4 K)

= (g1 — 4205 — 4395 — qaq1)1 + (145 + 21 + 4304 — qags) ]
+ (0105 + @341 + 0405 — @204) T + (194 + qaqy + @205 — 4305) K



while

(11 — g51 — q5J — ¢4 K) (11 — qoI — q3J — 4 K)
= (191 — 9295 — 9393 — 9194)1 — (@195 + 42} + 43qy — quq3)]
— (@103 + a3¢) + 4105 — @241) T — (@144 + qady + 423 — 302) K
These are obviously conjugates of each other.

Now that we’ve established that, proving the closure of the unit quater-
nion group is trivial:

qq'qd’ = (¢d')(@7) = q(d'T)g=qi =1

as desired.

b. Show that every unit quaternion has an inverse.
We know that q7 = 1. Multiplying by g on the left yields ¢(qq) =
(q¢)g = . But since the identity element is unique, we must have
gg=1. Thus, qg=qgg=1,and so ¢~ = q.

(v) Connect the above discussion to the unitary group SU(2).

e If a unitary matrix M has determinant one, what conditions must its
entries satisfy?
If |M| = 1, then the equation M~! = MT becomes

za  —z| _ |& 2
—2z3  z z5 2

This implies that we must have

’23:—25 24 = 2

However, we can’t arbitrarily pick z; and zs; to have determinant one,
we must also have
2124 — 2923 = 1

In terms of z; and z,, this becomes

21?4+ |22|* =1

e Show that all unitary matrices with determinant one form a group.
We need to check the four group axioms:

— Suppose M and N are unitary matrices with determinant one.
Then MN is unitary, since (MN)™! = N"'M~! = NTMt =
(NTMT)* = (MN)T)* = (MN); and M N has determinant one,
since det(MN) = det(M) det(N) = 1. Thus, the unitary matrices
with determinant one are closed under multiplication.



— Suppose M is a unitary matrix with determinant one. Then M ~! =
MY is a unitary matrix, since (M ~1)~! = M = (M")T = (M~HT;
and M ~! has determinant one, since det(M 1) = det(M)~! = 1.
Thus, the unitary matrices with determinant one are closed under
inversion.

— The identity element of this group is the 2 x 2 identity matrix,
since det(1) =1 and 1T =171 = 1.

— The product rule for unitary matrices with determinant one is
associative, since matrix multiplication is associative.

Thus, the unitary matrices with determinant one form a group. O
e Let 21 = q1 +iqe and 23 = g3 + iqs. Let ¢ be the quaternion defined

by ¢ = ¢11 + q2I + q3J + g4 K. What condition must g obey so that

the matrix M formed from z; and 29 is in SU(2)?

If the matrix formed from ¢ is to be in SU(2), we must have

1P+ 2lf=1 = d+@d+@+a=1

So under this rule, the unit quaternions have a one-to-one correspon-
dence with the matrices of SU(2). As it happens, this can be shown to
be a group isomorphism between the unit quaternions and SU(2); if ¢
is the above invertible map from the unit quaternions to the unitary
matrices, then ¢(qq’) = ¢(q)¢(q’) for all unit quaternions ¢, ¢’.

3. (MW 2-1) Find the sum of the series S =1+ 1 — 1 — &5 + 5505 + 1057 — -+ - -

Adding together successive pairs of terms gives

g 5 5 5 55n( 1Y
T4 64 1024 _4n:0 16

Thus,

4. (MW 2-6) Find the sum of the series S =1+ g5 + 557 + 52 + - - - -

We can rewrite this as

1 1 1 1
S=14 —4 —4 —4...=N" -
tEtmtat ;(2n+1)4



This is just the odd terms of a Riemann zeta function; in other words,
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. (MW 2-7) Find the sum of the series S =1— 5 + g7 — 15z + ...

The method to solve this problem is almost identical to that used for the
previous one:

1 1 1 1 1 1
S_l+*+?+*+ -2 24+7+674+

7
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() — C(4) = 2C(4)
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. (MW 2-11) Evaluate the series
i n+122n1_$_@+97x5_
(2n-1! ET T

n=0

in closed form.

We have
0 (_1)n+1x2n—1

sing =) 2n—1)!

n=0
If we differentiate sinz, we get

e 71n+12 -1 2n—2
Cosxzz() (2n )z

n=0 (2n —1)!
. B e (_1)n+1(2n —1)(2n — 2)x2n—3
_smx_nz:% T



We can multiply these series by the appropriate powers of x to yield

e -1 n+1 m—1 2n—1
zeosg =y NG Le

n=0 (2’[’L - 1)'
L= (- (20 — 1)(2n — 2)22
—z? smxfrgJ T

Suppose we now take a linear combination of sinz, z cos z, and —z2sin2. This
would yield the series

— Ax%sinz + Brcosz + Csinz
n+1 2n—1

—Z n—l (A(2n—1)(2n —2) 4+ B(2n — 1) +C)

But 1 3 1

Z(Qn —1)(2n-2)+ Z(Qn -1)+ 1= n?
So to get the desired series in closed form, we set A = 1, B =2 and C = 1.
Thus,

0 n+1 2 2n 1 1 3

Z @1 Z(l—xQ)sinx—l—Za:cos:L‘

Extra Credit: Show that the sequence of functions f,(x) = e converges uniformly
to f(z) = x on the interval [0, 1].

The definition of uniform convergence is thus: for a given e, we must be able
to find some number N such that |f,(z) — f(z)| < € for all z € [0,1] and all
n > N. We will explicitly construct an N satisfying this condition.

Let g, (x) = f(x) — fu(z) = 2(1 — zw). This function vanishes at 2 = 0 and
x =1, but is non-zero elsewhere. Taking the derivative of g, (z), we find that

1 1
! =1—(14+=)x=
I () (+n>x

If we set this equal to zero, we find that g(x) only has one extremum on the

interval [0, 1], at
n n
w= ()

and at this point, g(z) has the value

w = (29) (- 2) = s ()




This will be the value at which |g,(z)| = |fn(z) — f(x)] is greatest; so if we
choose our N such that |gn(zx)| < €, we have proved uniform convergence. We
can do this by picking N such that N > %; then for all n > N, we have

() 1/ n ”+1<1<1<
n(Tn)| = — < =<e
g n\n-+1 n N

as desired. Thus, the sequence of functions f,(z) converges uniformly to = on
the interval [0, 1]. O



