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1 Supersymmetry

(i) Let us look at the variation of each term:

δ(φ∗∂2φ) =
√

2(ψ̄ζ̄∂2φ+ φ∗ζ∂2ψ)
δ(−|λ|2|φ|4) = −23/2|λ|2(|φ|2ζψφ∗ + |φ|2φψ̄ζ̄
δ(−λψψφ) = −i23/2λ∗(ζσµψ̄)(∂µφ∗)φ∗ + 23/2|λ|2ζ̄ψ̄φ|φ|2
δ(−iψσµ(∂µψ̄)) = −

√
2[ζ(∂2ψ)φ∗ + ψ̄ζ̄(∂2φ)]− 23/2i[λζ̄σ̄µψ(∂µφ)φ+ λ∗(ψ̄σ̄µζ)(∂µφ∗)φ∗] + total derivative

(1)

Combining all together we see that the Lagrangian remains invariant up to a total derivative.
(ii) Let us expand the Lagrangian around a classical background φ = φ0 + δφ and keeping terms which are at most
quadratic in fluctuations. The correction to the Lagrangian is then given by

δL = δΦ†
(

1
2∂

2 − 2|λ|2|φ|2 −|λ|2φ2

−|λ|2φ∗2 1
2∂

2 − 2|λ|2|φ|2
)
δΦ = δΦ†MφδΦ (2)

where

δΦ =
(
δφ
δφ∗

)
(3)

Doing a similar expansion for the fermions we find

Mψ = − i

2

(
σ̄µ∂µ −2iλ∗φ∗

−2iλφ σµ∂µ

)
(4)

The one-loop correction to the effective action is then given by

Γcorr = log detMψ −
1
2

log detMφ (5)

The determinants are pretty easy to compute in the 1-loop approximation

log detMφ = log det
(
−1

4
∂2 − |λ|2|φ|2

)
≈ −8tr

(
1
∂2
|λ|2|φ|2

)
(6)

Where we used log det = tr log and expanded to first order in λ2. Doing the same for the fermionic determinant we
find that Γcorr is actually zero, so to first order the β-function is zero.

2 Scalar particle decay

The amplitude of a scalar particle decaying into two photons is given by

iM = −i8Aεµνλρpµp′λε∗νε∗ρ (7)

Squaring and summing over final state photon polarizations∑
|M |2 = −128A2(p2p′2 − (p · p′)2) = 128A2(p · p′)2 (8)
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since the photon is massless. Using energy-momentum conservation p · p′ = m2/2, so that
∑
|M |2 = 32A2m4 and the

tree-level decay rate is

Γ =
1

2m
1
2

∫
dΩcm
4π

1
8π

2|~p|
Ecm

∑
|M |2 =

A2m3

π
(9)

(in the center of mass frame 2|~p| = Ecm).

3 Fun with decays

(a)
1
2
(jµ1 + ijµ2 − jµ51 − ijµ52) = Q̄γµ

1− γ5

2
τ1Q+ iQ̄γµ

1− γ5

2
τ2Q = Q̄Lγ

µ(τ1 + τ2)QL = ūLγ
µdL (10)

At tree level the decay amplitude is

− iM(2π)4δ4(p− k − q) = 〈l+ν|i
∫
d4x∆L|π+〉 =

4iGF√
2

∫
d4x〈l+ν|(l̄LγµνL)(ūLγµdL) + h.c.)|π+〉

=
4iGF√

2

∫
d4xūs

′

L (k)γµvsL(q)〈0|d̄LγµuL|π+〉eikxeiqx (11)

Because jµa is a vector and is parity invariant, while |π+〉 is a pseudo scalar and is parity odd, so that 〈0|jµa|π+〉.
Using the identity above then

〈0|d̄LγµuL|π+〉 = − 1√
2
〈0|j+µ5|π〉 = ipµfπe

−ipx 1√
2

(12)

Combining together we have
iM = GF fπū(q)6p(1− γ5)v(k) (13)

(b) From the amplitude calculated in the first part we have the decay rate

Γ =
1

2mπ

∫
dΩcm
4π

1
8π

2|~k|
Ecm

∑
|M |2 =

mπm
2
l

4π
(GF fπ)2

(
1− m2

l

m2
π

)
(14)

where we used 2|~k|
Ecm

= 1− m2
l

m2
π
. We see that the decay rate goes to zero in the limit of zero lepton mass and

Γ(π+ → e+ν)
Γ(π+ → µ+ν)

=
m2
e

m2
µ

(1−m2
e/m

2
π)

2

(1−m2
µ/m

2
π)2

≈ 10−4 (15)

Plugging in the measured lifetime, pion and muon masses and GF we find that fπ ≈ 90 MeV.

4 Oh no! It’s two loop time

(a) The coupling constant satisfies the renormalization group equation

d

d(log(Q/M))
g = β(g) = − b0

(4π)2
g3 − b1

(4π)4
g5 − b2

(4π)6
g7 + . . . (16)

Changing variables to y = g2, x = 2 log Q
Λ

dy

dx
= −C0y

2 − C1y
3 + . . . (17)

where Λ is a new scale, C0 = b0/(4π)2 and C1 = b1/(4π)4. Assuming an initial condition y(Q = M) = y0, to lowest
order the solution is

y =
y0

2C0y0 log Q
M + 1

(18)
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Noting that αs = y/4π and αs(Q = M) ≡ α = y0/4π and setting Λ to satisfy 1 = y0(b0/8π2) log(M/Λ) we can rewrite
the one loop result as

αs =
4π

b0 log Q2

Λ2

(19)

We can also solve the differential equation with y3 term if we assume that y is small and solve it iteratively. With the
above definitions we then get the desired result

αs =
4π
b0

 1

log Q2

Λ2

− b1
b20

log log Q2

Λ2(
log Q2

Λ2

)2

 (20)

(b) The perturbation series for the e+e− annihilation cross section is

σ = σ0(3
∑
f

Q2
f )

[
1 +

αs
π

+ a2

(αs
π

)2

+O(α3
s)

]
(21)

Plugging in αs from part (a) we get

σ = σ0(3
∑
f

Q2
f )

[
1 +

4
b0

1

log Q2

Λ2

+ . . .

]
(22)

We see that the first two terms are then independent of the renormalization prescription (but then we knew this more
generally from last quarter).
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