
N = 2 supersymmetric Yang-Mills Theory

Yan He

In this final project, we will report our understanding of Seiberg Witten theory [1][2].
The low energy effective theory of N = 2 supersymmetric Yang-mill theory has a non-trivial
quantum moduli space. And the structure of the moduli space can be exactly determined by
the property near the singularities of the moduli space. This theory also provide a example for
electric-magnetic duality. In the first four section, we discuss pure gauge theory. In the last
section, we briefly discuss gauge theory with matter.

1 N = 2 Supersymmetric Lagrangian

We have learned the most general form of N = 1 supersymmetric Lagrangian as

L =
1

8π
Im

(
τTr

∫
dθ W αWα

)
+

∫
d2θd2θ̄ Φ†e−2V Φ +

∫
d2θW +

∫
d2θ̄ W̄ . (1)

with τ = θ/2π + 4πi/g2. τ can be regarded as a constant chiral superfield

In component form, we have

L = − 1

4g2
F a

µνF
aµν +

θ

32π2
F a

µνF̃
aµν − i

g2
λaσµDµλ̄

a +
1

2g2
DaDa

+ (∂µA− iAa
µT

aA)†(∂µA− iAaµT aA)− i ψ̄σ̄µ(∂µψ − iAa
µT

aψ)

− DaA†T aA− i
√

2 A†T aλaψ + i
√

2 ψ̄T aAλ̄a + F †
i Fi

+
∂W
∂Ai

Fi +
∂W̄
∂A†

i

F †
i −

1

2

∂2W
∂Ai∂Aj

ψiψj − 1

2

∂2W̄
∂A†

i∂A†
j

ψ̄iψ̄j . (2)

We can put the on-shell N = 1 scalar multiplet (A,ψ) and vector multiplet (Aµ, λ) together
to have get on-shell N = 2 vector multiplet (A,ψ, λ,Aµ). N = 2 supersymmetric will impose
some restriction on on the N = 1 Lagrangian in (2). First, since Aa

µ and λa belong to the adjoint
representation of the gauge group, Ai and ψi should also belong to the same representation if
they are to be part of the same multiplet. Second, We must treat the fermions ψa and λa on the
same footing. Thus the superpotential W must be zero since it couples only to ψa. This also
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requires that the kinetic energy terms for both fermions should have the same normalization.
Thus we must take scaling Φ → Φ/g. Then we get the N = 2 supersymmetry Lagrangian

L =
1

8π
Im Tr

[
τ

(∫
d2θ W αWα + 2

∫
d2θd2θ̄ Φ†e−2V Φ

)]

=
1

g2
Tr

(
− 1

4
FµνF

µν + g2 θ

32π2
FµνF̃

µν + (DµA)†DµA− 1

2
[A† , A]2

− i λσµDµλ̄− i ψ̄σ̄µDµψ − i
√

2 [λ, ψ] A† − i
√

2 [λ̄, ψ̄] A
)
, (3)

with scalar potential

V = − 1

2g2
Tr

(
[A† , A]2

)
. (4)

This can also be obtained by N = 2 superspace formalism. Introduce two new fermionic

coordinates θ̃ and ¯̃θ, We can define N = 2 chiral superfield Ψ satisfying the constraints D̄α̇Ψ = 0

and ¯̃Dα̇Ψ = 0. It can be expand as

Ψ = Ψ(1)(ỹ, θ) +
√

2θ̃αΨ(2)
α (ỹ, θ) + θ̃αθ̃αΨ(3)(ỹ, θ) ,

with yµ = xµ + iθσµθ̄+ iθ̃. the component Ψ(1) has the same form as the N = 1 chiral superfield
Φ. And we have

Ψ(2)
α = Wα(ỹ, θ)

Ψ(3)(ỹ, θ) = Φ†(ỹ − iθσθ̄, θ, θ̄)exp
[
2gV (ỹ − iθσθ̄, θ, θ̄

]
|θ̄θ̄ .

With these components, we can write (3) in terms N = 2 chiral superfield Φ.

L =
1

4π
Im Tr

∫
d2θd2θ̃

1

2
τΨ2 . (5)

We can generalize the quadratic form to an arbitrary function, then we have Lagrangian

L =
1

4π
Im Tr

∫
d2θd2θ̃F(Ψ)

=
1

8π
Im

(∫
d2θFab(Φ)W aαW b

α + 2
∫

d2θd2θ̄ (Φ†e2gV )aFa(Φ)
)

. (6)

Here, Fa(Φ) = ∂F/∂Φa, Fab(Φ) = ∂2F/∂Φa∂Φb and F is called the N = 2 prepotential.

The above is pure gauge theory. We can couple it with N = 2 matter supermutiplet, also
call hypermultiplet.In N = 1 notation, a hypermultiplet contains a chiral superfield Q and an
anti-chiral superfield Q̃†, both transforming under the same representatin Nc of the gauge group
SU(Nc) with components (q, ψq, Fq) and (q̃, ψq̃, Fq̃) respectively. The form of the Lagrangian
for Nf hypermultiplets (labelled by an index i), interacting with a N = 2 vector multiplet, is
given by

L =
∫

dθ4
(
Q†

ie
−2V Qi + Q̃ie

2V Q̃†
i

)
+

∫
dθ2

(√
2Q̃iΦQi + miQ̃iQi

)
+ h.c. (7)
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2 Low-Energy Effective Theory

for now we only consider the pure Yang-mill case. The theory has gauge symmetry SU(2), and
the U(1) R-symmetry acts on the superspace coordinates as θ → eiαθ and θ̄ → e−iαθ̄.Under
this symmetry, chiral superfield transform as Φ → e2iαΦ(e−iαθ) and V → V (e−iαθ) . Thus the
fermion components transform like (ψ, λ) → eiα(ψ, λ). We can combine the two-component
spinors λ and ψ̄ into a four-component Dirac spinor ψD. The spinor ψD transforms as eiαγ5ψD

under under U(1)R. Thus this symmetry has anomaly in quantum theory. Anomaly will break
this R-symmetry to a discrete group Z8. This will be explained later. We also have another
R-symmetry SU(2)R which rotating the two sets of superspace coordinates.

The scalar potential of this model is

V =
1

2g2
Tr

(
[φ†, φ]2

)
.

On classical level, the vacuum state must satisfy V = 0. This implies that φ takes values in the
Cartan subalgebra of the gauge group. Thus we can get φ = 1

2
aσ3. Since the Weyl reflection of

the gauge group will relate a to −a, we can use u = Tr(φ2) = 1
2
a2 to parameterize the classical

moduli space. In quantum field theory, we parametrize the moduli space by the corresponding
vacuum expectation values. Thus the moduli space of the SU(2) N = 2 supersymmetric Yang-
Mills theory is parametrized by u =< Tr(φ2) >, which at the classical limit, reduces to a2/2.
Now the gauge group SU(2) will be broken to U(1). And the U(1) R-symmetry will be break
to Z8. Since u has R-charge 4, Under Z8, u will be transform to e2πin/2u with n take from 0 to
7, thus Z8 is break to Z4. The broken part Z2 will relate u to −u.

The SU(2) gauge symmetry is spontaneously broken to U(1) by the non-zero 〈φ〉, In low
energy region, we can integrate out all the massive modes to obtain a effective description of
the theory in terms of massless modes. In practice, this procedure is not easy to implement.
Seiberg and Witten found an indirect method to determine the exact low-energy theory.

In terms of massless chiral and vector superfields, we have effective low-energy Lagrangian

Leff =
1

4π
Im

[∫
d4θ

∂F(A)

∂A
Ā +

∫
d2θ

1

2

∂2F
∂A2

WαWα

]
, (8)

From this we get Kahler potential

K = Im

(
Ā

∂F(A)

∂A

)

and the metric on the field space is given by

ds2 = Im(τ) dadā , with, τ(a) =
∂2F
∂a2

. (9)

here a denotes the scalar component of the chiral superfield A Our tusk now is to determine
the prepotential.
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Since the theory is asymptotically free therefore at high energies one can determine the
one-loop perturbative correction to F . the U(1)R symmetry of this theory is broken by the
standard chiral anomaly

∂µJ
µ
R = − Nc

8π2
FµνF̃

µν .

This implies that, to one-loop, under a U(1)R transformation, the effective Lagrangian changes
by

δLeff = −αNc

8π2
FF̃ . (10)

This will shift the θ-angle as θ −→ θ + 4Ncα. Since θ has period 2π, we have α = 2π/4Nc.
Thus the anomaly breaks U(1)R to Z4Nc .

The variation δLeff could come only from terms in Leff which are quadratic in Fµν . Writing
only the relevent terms from the Lagrangian (8), this means

δLeff =
1

16π
Im

[
(F ′′(e2iαA)−F ′′(A))(−FF + iF F̃ )

]

For infinitesimal α, we have
∂3F
∂A3

=
Nc

π

i

A
Integrate this, we get the one-loop prepotential as

F1−loop(A) =
i

2π
A2ln

A2

Λ2
(11)

It is known that, due to N = 2 supersymmetry, the above one-loop expression for the prepo-
tential does not receive higher order perturbative corrections. This is related to the fact that
in this theory the perturbative β-function is only a one-loop effect.

The prepotential will receive non-perturbative corrections due to instanton effects [5]. The
contribution of k-instanton should be proportional to the k-instanton factor exp(−8π2k/g2).
Using the one-loop β-function of the theory given by β(g) = −Ncg

3/8π2, the k-instanton factor
can be written as

e−8π2k/g2

=
(

Λ

a

)4k

.

From the Lagrangian(5), we note that the broken U(1)R symmetry is restored if we assign a
charge of 2 to Λ. With this modification, the prepotential should transform under U(1)R as a
field of charge 4, without a non-homogeneous term. This implies that the k-instanton correction
should also be proportional to A2. Thus the prepotential can be written as

F =
i

2π
A2ln

A2

Λ2
+

∞∑

k=1

Fk

(
Λ

A

)4k

A2 .

For large |a|, using (11), we have τ(a) = i
π
(ln a2

Λ2 + 3). This is a multi-valued function. The
metric on the field space given by Imτ is single valued. since Imτ(a) is a harmonic function, it
cannot have a global minimum. Thus, if it is globally defined, it cannot be positive everywhere.
Thus this description of metric will be valid only locally. In the region of the complex plane
where τ(a) becomes negative, one needs a different description of the theory.
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3 Duality

We find a dual description of original variable. In this description, the dual vector field is coupled
to the monopoles as ordinary vector field coupled to electrons. Thus the duality transformation
will exchange the elementary modes as electrons with collective modes as monopoles. To
demonstrate this explicitly, we write down the bosonic part of the action

1

32π
Im

∫
τ(a)(F + iF̃ )2 =

1

16π
Im

∫
τ(a)(F 2 + iF̃F )

Now we regard F as an independent field and implement the Bianchi identity dF = 0 by
introducing a Lagrange multiplier vector field VD. For one monopole, we have ε0µνρ∂µFνρ =
8πδ(3)(x). If VD couples to it as Aµ couples to jµ, we have

1

8π

∫
VDµε

µνρσ∂νFρσ =
1

8π

∫
F̃DF =

1

16π
Re

∫
(F̃D − iFD)(F + iF̃ )

where, FDµν = ∂µVDν − ∂νVDµ. Adding this to the gauge field action and integrating over F ,
gives the dual theory

1

32π
Im

∫ (
−1

τ

)
(FD + iF̃D)2 =

1

16π
Im

∫ (
−1

τ

)
(F 2

D + iF̃DFD)

We can do the same thing for the vector superfield. Now the Bianchi identity is ImDW = 0.
Similarly we have Lagrange multiplier term

1

4π
Im

∫
d4xd4θ VDDW =

1

4π
Re

∫
d4xd4θ iDVDW = − 1

4π
Im

∫
d4xd2θ WDW

Adding this to the action and integrating out W , gives the dual action

1

8π
Im

∫
d2θ

(
− 1

τ(A)
W 2

D

)

We can further transform chiral superfield A. Define h(A) = ∂F/∂A. The scalar kinetic
energy term becomes Im

∫
d4θ h(A)Ā. By introducing transformation AD = h(A) a, It will

become Im
∫

d4θ hD(AD)ĀD .

From above we found the effective coupling transform as

τ → τD = − 1

τ
. (12)

This is the electric-magnetic duality. And the action is also invariant under the replacement
τ → τ + 1. These transformation can be implemented by the matrices

S =

(
0 1
−1 0

)
, T =

(
1 1
0 1

)
. (13)
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They generate the SL(2, Z) group. This the most general way to transform our description of
the metric. It will transform A and AD as

(
AD

A

)
→

(
a b
c d

) (
AD

A

)
. (14)

Let aD to be the scalar component of AD, In terms of this, the metric takes the form

ds2 = Im daDdā = − i

2
(daDdā− dadāD)

which is manifestly invariant under the SL(2, Z) transformations. The moduli space M is a
complex one dimensional manifold parameterized by u . Let a and aD be the coordinates on
a space X ∼= C2 on which we can choose a symplectic form ω = Im daD ∧ dā. The functions
(aD(u), a(u)) give a map from M to X. In other words, they determine a section of X regarded
as an SL(2, Z) bundle over M.

The monopole is a static and finite energy semi-classical solution to the ordinary Yang-
Mills- Higgs theory[4]. If we take the theta term into account, the magnetic charge will also
contribute to electric charge, thus we will have dyons. Their mass satisfy the BPS bound
condition M ≥ √

2|Z|, with
Z = a(ne + τ nm)

The above Z can be showed to equal to the central charge of SUSY algebra. All states that
saturate this bound is called BPS states. In this situation, we know half of the rising operator
will act trivially as in the massless irreducible representation. They form a short multipet of
N = 2 SUSY algebra. They are the hypermultiplets we discuss above, which in the N = 1
formalism are described by chiral fields M, M̃ . If a hypermultiplet carries charge ne, then its
coupling to the chiral field A is uniquely fixed by N = 2 supersymmetry as

√
2 ne AMM̃

From this we deduce Z = a ne for such a state. We can do the same thing in dual description
for a monopole with magnetic charge nm,we have Z = a nm. Thus for dyons we have

Z = ane + aDnm . (15)

4 Singularity on the Moduli Space

As we discussed above, the metric of the moduli space can not be described by a or aD globally.
We can transform them under SL(2, Z) group to make the metric positive everywhere. From
the perturbative form of a and aD, we can see they are multiple valued functions. If the variable
move around a branch singularity, they will transform to some linear combination of themselves.
This transformation is called monodromy. We will expect different monodromy for different
singularity. Together, they will from a subgroup of SL(2, Z). Seiberg and Witten analyzed the
singularity and monodromy of moduli space, and use these information to determine a(u) and
aD(u) exactly.
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First, we can find a non-trivial monodromy at infinity. Near infinity, the theory is asymp-
totically free. We can use perturbative result u = 1

2
a2 and F(a) = (i/2π)a2 ln (a2/Λ2). From

this we get

aD =
∂F
∂a

=
2ia

π
ln (

a

Λ
) +

ia

π
If we move around u = 0 on the u-plane, we get ln u → ln u + 2πi, and ln a → ln a + iπ, hence,

aD → −aD + 2a
a → −a

Corresponding to the monodromy matrix

M∞ = PT−2 =

(
−1 2
0 −1

)
(16)

Under this monodromy, the magnetic and electric charge of BPS states will change as (nm, ne) →
(−nm,−ne − 2nm).

The singularity at infinity implies that there exist other singularities at finite u in order
to make a branch cut. If their monodromies commute with M∞, then a2 is a good global
coordinate. This contradict with our above discussion. To get a non-abelian monodromy
group, we need at least two singularities at finite u, with non-trivial monodromies around
them. These singularities will be related by the broken Z2 symmetry u → −u. We make this
minimal assumption on the number of extra singularities. Then a loop enclosing both these
singularities should reproduce the monodromy M∞. In the following, we assume two more
singularities at u = u0 and u = −u0. Since moving around the two singularities is equivalent
to moving around the infinity, we have Mu0M−u0 = M∞.

Physically, these singularities will correspond to extra massless particle. Since we obtain
the low- energy effective theory by integrating out the massive modes. If at some point the
massive modes become massless, then integrating out massless modes will generate singularities
on the moduli space. If the massless particle is non-Abelian gauge boson, then we will expect
comformal invariant in low energy limit. This will contradict with u =< Tr(φ2) >6= 0 unless
< Tr(φ2) > has dimension zero. This means operator Tr(φ2) will be mixed with identity under
renormalization. But we have showed u is odd under Z2 symmetry. The identity operator has
no such property. Thus the mixing will lead to a confliction. The massless mode will not be
gauge boson.

Thus we should focus on the massive particle with spin less than one half. In pure gauge
theory, the only choice is that collective modes such as monopole or dyon that become massless
at singularity points. In N = 2 SUSY, a massive multipet with spin ≤ 1/2 must be a hyper-
multiplet, which belongs to a short representation. Thus monopole and dyon are BPS states
and satisfy mass formula (15). If a monopole becomes massless, we have aD(u0) = 0. As before,
we should transform to a dual theory to describe monopole. Now the low-energy theory looks
like QED, thus the gauge coupling goes to zero as the mass of monopole goes to zero. Near u0

we can use perturbation result. From the β-function of QED,

β(g) =
g3

16π2


∑

f

2

3
Q2

f +
∑
s

1

3
Q2

s


 =

g3

8π2
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we get

µ
dτ

dµ
= − i

π
Q2 .

Integrate to get

τD ≈ − i

π
ln aD

Near u0 we can expand as aD ≈ c0(u− u0), Since τD = dhD/daD we can integrate to get

a(u) = −hD(u) ≈ a0 +
i

π
c0(u− u0) ln(u− u0)

When we move around u0, we have ln(u− u0) → ln(u− u0) + 2πi, thus

aD → aD

a → a− 2 aD
(17)

In the following, we set u0 = 1. Monodromy matrix is

M1 = ST 2S−1 =

(
1 0
−2 1

)

Then for u = −1 we have

M1 = (TS)T 2(TS)−1 =

(
−1 2
−2 3

)

If we denote charge vector q = (nm, ne), then easy to see monopole q1 = (1, 0) is eigenvector
of M1, q1 M1 = q1. From M−1, q−1 M−1 = q−1, we get q−1 = (1, −1), thus the massless particle
is a dyon.

Now the moduli spaceM is the u-plane with the above three singularity and Z2 symmetry
relating u to −u. Over this punctured plane there is a flat SL(2,Z) bundle V , which has
(aD, a)T as a section. This bundle has monodromies around singularities as discussed above.
he monodromies generate a subgroup Γ(2) of SL(2, Z).

From these, Seiberg and Witten invent a method to determine aD(u) and a(u), thus also
determine the metric on the moduli space. This method involve some mathematical background
about complex curve and Riemann surface. Basic idea is to construct a family of curves whose
moduli space is just M.

In our situation, we consider the family of curves Eu described by the equation

y2 = (x− 1)(x + 1)(x− u) , (18)

Note that this equation is invariant under the transformations

w : {u → −u , x → −x , y → ±iy} ,

that generate a Z4 symmetry, out of which only a Z2 subgroup acts on u. This is the same as
the symmetry structure on M. For fixed u, the curve is parameterized by the x-space, which
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is two complex plane joined together through two cuts: from -1 to 1 and from u to ∞. If we
include infinite point in the complex plane, it is equivalent to a sphere. And the two cuts can
be treat as two tubes connection the two spheres. Thus the x-space is equivalent to a genus one
Riemann surface or a torus. For different u, we get different torus. There two type of cycles
on the torus, a-cycle around the cross section, b-cycle along the torus. T When u = 1,−1,∞,
the two branch points of x-space coincide and the torus will develop vanishing cycle, which
correspond to the singularity on u-plane.

The torus Eu has a two dimensional first homology group Vu = H1(Eu, C). It can be think
as fibres of a flat bundle over u-plane, and this bundle as section a and aD. We can pick
one-cycles γ1 and γ2 to form a basis for the first homology group Vu. On Riemann surface we
can define differential one-form. The closed one-form modulo exact forms will form the first
cohomology group, which is dual vector space of first homology group. Thus we can also regard
λ as an element in Vu. We can choose a basis λ1 = dx/y, λ1 = xdx/y. λ1 is also the unique
holomorphic one on Eu. The period of the torus is defined by

bi =
∮

γi

λ1 , for i = 1, 2

then the torus is characterized by a parameter

τu = b1/b2 , with Im(τu) > 0

We want to find a one-form λ = a1λ1 + a2λ2 in Vu that satisfy

aD =
∮

γ1

λ , a =
∮

γ2

λ

Suppose that
dλ

du
= f(u)λ1 = f(u)

dx

y
.

Then,
daD

du
= f(u) b1 ,

da

du
= f(u) b2 ,

so that

τ =
b1

b2

= τu .

Since Im τu > 0, we get Im τ > 0. The converse is also true, so dλ/du does not depend on λ2.
The function f(u) is fixed by the asymptotic behaviour of the theory near the singularities on
the u plane and is given by f(u) = −√2/4π. With this, we can obtain

a(u) =

√
2

π

∫ 1

−1

dx
√

x− u√
x2 − 1

. (19)

For γ1, we choose the curve which loops around the points 1 and u and get

aD(u) =

√
2

π

∫ u

1

dx
√

x− u√
x2 − 1

. (20)

It can be checked that they have desired behavior near singularities.
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5 N = 2 supersymmetric gauge theory with matter

Seiberg and Witten also generalized their theory to include matter. Because more elements are
involved here, their analysis is much more technically complicated than before. Thus we can
only briefly discuss them.

Now we consider the N = 2 supersymmetric gauge theory, with gauge group SU(2), coupled
to Nf matter multiplets. As in usual QCD, matter fields (fermions) and gauge bosons contribute
to the β-function with opposite signs. Thus, to insure asymptotic freedom, we require Nf ≤ 4.
The theory with Nf = 4 is finite to all orders in perturbation theory and, when the quarks are
massless, it is very likely conformally invariant non-perturbatively. Thus Nf = 4 case is totally
different from they others. In the following we will focus on Nf = 1, 2, 3.

In our previous convention, when quarks are present, ne could be half-integral. To ensure
that ne is always integer, we multiply it by 2 and divide a by 2 to keep the mass formula
unchanged. Since aD is kept unchanged, it is now given by 2aD = ∂F/∂a. In terms of the
gauge invariant quantity u = Trφ2, as |u| → ∞, the asymptotic behavior of a and aD now
becomes

a ∼= 1

2

√
2u , aD ' i

4

π
a log a

And the effective coupling is also rescaled to τ = ∂aD/∂a = θ
π

+ 8πi
g2 . This rescaling of the

charge affects the form of the curve which determines the solution of the model, keeping the
physics unchanged.

We first consider the global symmetry of the theory and classical moduli space.The N = 2
supersymmetric QCD coupled to Nf matter hypermultiplets contains the N = 1 superpotential

W =
Nf∑

i=1

(
√

2Q̃iΦQi + miQ̃iQ
i) .

In general, when mi = 0, this theory has a global symmetry group SU(Nf )×SU(2)R×U(1)R. In
the special case, when the gauge group is SU(2), the flavour group is enlarged to O(2Nf ). This is
due to the fact that for SU(2) the fundamental representation and its conjugate are isomorphic
and, therefore, Qi and Q̃i can be combined into a 2Nf -dimensional vector transforming under
O(2Nf ). Thus, for the special case of the SU(2) gauge group, the theory also has a parity
symmetry group Z2 ⊂ O(2Nf ) acting as ρ : Q1 ↔ Q̃1 with all other fields remaining unchanged.
This special parity is important for the following discussion.

Classically, there is always a flat direction with non zero φ. Along this direction the gauge
symmetry is broken to U(1) and all quarks are massive. we call this branch of moduli space
as the Coulomb branch.For Nf = 0, 1, this is the only flat direction. For Nf ≥ 2, we can have
new flat direction for non zero Qi. This will completely break gauge symmetry, and we call it
Higgs Branch. Below we will focus on Coulomb branch.
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5.1 Some Property of Quantum Theory

In quantum theory, U(1)R symmetry will be anomalous. The anomaly has the same form but
with Nc replaced by Nc − Nf/2. Thus U(1)R symmetry breaks to Z8−2Nf

. This Z8−2Nf
can

be combined with parity ρ, to form a anomaly-free group Z4(4−Nf ). That is because physical
variables like Green function will at most change sign under Z4(4−Nf ), we can use above parity to
change the sign back. Under this transformation, the gauge invariant order parameter u = Trφ2

has charge 4 and transforms as u → exp 2πi/(4 − Nf )u. This further breaks Z4(4−Nf ) down
to Z4. The remaining Z4−Nf

acts non-trivially on the u-plane. Thus the u-plane has global
symmetry Z4−Nf

for Nf > 0.

As in the Nf = 0 case, the large u-behaviour of aD(u) can be obtained from the anomaly
mentioned above. The result is

a ∼= 1

2

√
2u

aD ' i
4−Nf

2π
a(u) ln

u

Λ2
Nf

(21)

The should also recieve contributions from instantons. Now the β has the same form as
before, only with Nc replaced by Nc −Nf/2. Thus k-instanton contribution is proportional to
the k-instanton factor, which, using the β-function, can be written as

e−8π2k/g2

=

(
ΛNf

a

)k(4−Nf )

. (22)

If we assign charge 4 and even ρ-parity to u and charge 2(4−Nf ) and odd ρ-parity to Λ
4−Nf

Nf
,

U(1)R and ρ parity symmetry can be restored. Since the metric on the u-plane is invariant
under the ρ-parity, odd instanton numbers cannot contribute to a and aD. Putting these facts
together, we can write the generic form a and aD as

a =
1

2

√
2u


1 +

∞∑

n=1

an(Nf )

(
Λ2

Nf

u

)n(4−Nf )

 ,

aD = i
4−Nf

2π
a(u) ln

u

Λ2
Nf

+
√

u
∞∑

n=0

aDn(Nf )

(
Λ2

Nf

u

)n(4−Nf )

.

Under the Z4−Nf
symmetry of the u plane, a transforms linearly. From the first term of aD,

we can see aD will get a term proportional to a under this symmetry. This means that this
symmetry will shift the electric charge of monopoles.

5.2 BPS States

On the Higgs branch SU(2), is completely broken and there are no electric or magnetic charges.
Thus the central charge of the N = 2 algebra only contains contributions from the U(1) charges
of the hypermultiplets.
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On the Coulomb branch, there are two kinds of BPS states. The simplest BPS saturated
states are the quarks with zero bare mass and which acquire masses M =

√
2|a| after the

spontaneous breaking of the gauge symmetry. These form a set of BPS states which transform
as a vector of SO(2Nf ). Besides these, there are monopoles which transform as a spinor of
SO(2Nf ). In the presence of a monopole each SU(2) doublet of fermions has one zero-mode.
Since there are Nf hypermultiplets, there are 2Nf fermion doublets and, therefore, 2Nf fermion
zero-modes. After quantization, these zero-modes give rise to a 2Nf -dimensional Dirac algebra
which provides a spinor representation of SO(2Nf ). Thus the fermion zero-modes turn the
monopole into a spinor of SO(2Nf ). The presence of spinors indicate that, at the quantum
level, the symmetry group is a universal cover of SO(2Nf ), or Spin(2Nf ).

The spectrum may also include states with nm ≥ 2. They can be interpreted as bound
states of known particles. For Nf ≥ 2, A convenient way of labelling states is in terms of their
behaviour under the centre of Spin(2Nf ). For Nf = 2, the universal cover is SU(2) × SU(2)
and the center is Z2 × Z2. We write a representation of Z2 × Z2 as (ε, ε′), where ε = 0 for the
trivial representation of Z2 and ε = 1 for the non-trivial representation. Thus vectors transform
as (1, 1), while spinors transform as (1, 0). Then states of (nm, ne) will transform under the
center as ((ne + nm) mod 2, ne mod 2). For Nf = 3, the universal cover of SO(6) is SU(4),
and its center is Z4. vectors transform has charge 2, while spinors has charge 1. Thus state of
(nm, ne) will transform under the center as exp( iπ

2
(nm + 2ne)).

If an N = 2 invariant mass is turned on, say mNf
6= 0, then SO(2Nf ) explicitly breaks to

SO(2Nf − 2) × SO(2), and the global Abelian charge associated with SO(2) appears in the
central charge

Z = nea + nmaD + SNf

mNf√
2

, M =
√

2|Z| .

Hence for a = ±mNf
/
√

2 one of the elementary quarks becomes massless.

5.3 Duality

As before, we can compute the monodromy matrices for (aD, a) around the singular points on
the moduli space. If we have a single quark with non-zero bare mass, then when a ≈ a0 ≡
mNf

/
√

2 one of the quark will become massless. Near the singularity we have

a ≈ a0 ,
aD ≈ − i

2π
(a− a0) ln(a− a0) + c .

The monodromy can now be easily computed to be

a → a ,

aD → aD + a− mNf√
2

.

Unlike the Nf = 0 case, now the the monodromy transformation of (aD, a)T has a inhomo-
geneous term besides the usual SL(2, Z). In the pure gauge theory case, the shift was not
compatible with the symmetries of the BPS mass formula. In the presence of matter, this
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shift is allowed since the BPS mass formula is modified. Now the shift naturally appears as a
part of the monodromy group. To write a monodromy matrix, we construct a column vector
(m/

√
2, aD, a)T . The monodromy can now be written as




m/
√

2
aD

a


 →M




m/
√

2
aD

a


 ,

with the monodromy matrix M given by

M =




1 0 0
−1 1 1
0 0 1


 , M−1 =




1 0 0
1 1 −1
0 1 1


 .

If we arrange the charges as a row vector W = (S, nm, ne), then invariance of Z (or of M)
implies that, under the monodromy, W → WM−1. In general the matrix M can be of the
form

M =




1 0 0
r k l
q n p


 , M−1 =




1 0 0
lq − pr p −l
nr − kq −n k


 ,

with detM = 1.

Note that under the monodromy, the electric and magnetic charges can mix with each other
but will not pick up contributions proportional to S which is a global symmetry charge. On
the other hand, S can pick up contributions proportional to ne and nm which are related to
the local gauge symmetry.

5.4 Singularities

To determine the singularity structure on the moduli space, we first consider theories with
Nf ≤ 3, and with hypermultiplet bare masses very large as compared to Λ. The singularities
which arise from hypermultiplets becoming massless are now in the semi-classical (large u)
region of the moduli space and can be easily identified. In the small u region, one is effectively
left with an Nf = 0 theory with two singularities corresponding to massless monopoles and
dyons. Then we slowly decrease the bare masses to zero and follow the movement of the
sigularities on the moduli space.

For Nf = 3, Let us start with equal masses mi = m >> Λ. In this case, the global
symmetry Spin(6) ≈ SU(4) of the massless theory is broken to SU(3) × U(1). Classically,
there is a singularity at a = m/

√
2 where the three quarks become massless. These electrically

charged massless fields form a 3 representation of SU(3). For m >> Λ the singularity is in the
semiclassical region, u ∼ 2a2 >> Λ2, thus it will persists quantum mechanically. For u << m2

the three massive quarks can be integrated out giving a Nf = 0 theory with scale Λ4
0 = m3Λ3.

Hence, for small u the moduli space is that of a pure N = 2 theory with scale Λ0 which has
two singularities with (nm, ne) = (1, 0) and (1, 1). These are the points where monopoles and
dyons become massless. Clearly the massless states at these singularities are SU(3) invariant.
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As m is decreased, the singularity at large u moves, and although the Abelian charges such
has ne or nm can change, their non-Abelian charges cannot change. Hence, for any m, the
massless fields at the various singularities transform as 3, 1 and 1 of SU(3). In the m = 0
limit, the original global symmetry is restored and the massless states must combine into
representations of SU(4). The only possibility is to have two singularities combining into a 4 of
SU(4) and the other sigularity moves somewhere else remaining a singlet. Thus, we conclude
that the massless Nf = 3 theory has two singularities with massless particles in the 4 and 1 of
SU(4). From our study of how different states transform under the centre, the smallest charges
for the massless particles at the singularities are (nm, ne) = (1, 0) for the 4, and (nm, ne) = (2, 1)
for the 1.

The same procedure can be used to determine the singularities of the massless Nf = 1, 2
theories. They can also be determined by make some quark very heavy in Nf = 3 theory.First
we give a mass m3 to only one of the hypermultiplets. It breaks SO(6) → SO(2)× SO(4) (or
equivalently SU(4) → SU(2)×SU(2)×U(1)). The four monopoles are split to two pairs. One
pair transforms as (2,1) and the other as (1,2) under the unbroken SU(2) × SU(2) × U(1).
Therefore, for small non-zero m3 there are three singularities. At two of them there are two
massless particles transforming as one or the other spinor of SO(4), while at the third singularity
there is a massless SO(4) singlet state. Now we increase m3. For large m3, we expect one
singularity at large u where the elementary quark becomes massless. This state is an SO(4)
singlet, thus we conclude it is the third singularity we mentioned before.

We can now integrate out the heavy quark, eliminating the singularity just described (since
it goes to infinity for m3 →∞) and leaving the other singularities. The low energy theory is the
massless Nf = 2 theory. Its scale Λ2 is determined by a one loop calculation to be Λ2

2 = m3Λ3.
As we take m3 to infinity holding Λ2 fixed we are left with the two other singularities of the
(m1 = m2 = 0,m3 6= 0) Nf = 3 theory. Each of those singularities has two massless states
in one or the other spinor representation of SO(4). The minimal choices for their electric and
magnetic charges are (nm, ne) = (1, 0) and (nm, ne) = (1, 1).

We can do the same thing to Nf = 1 theory. A mass term for the second quark m2 breaks
SO(4) → SO(2)×SO(2). This will split the two pair of monopoles into four singlets. Thus the
massive theory has four singularities. As m2 becomes large, one of these singularities moves to
large u as before. Three singularities are left behind. Now we integrate out the massive quark.
The low energy theory is the massless Nf = 1 theory with scale Λ3

1 = m2Λ
2
2. This theory has

the three singularities that do not go to infinity as m2 →∞. They are related by the discrete
Z3 global symmetry of the Nf = 1 theory. As we move from one singularity to the other, the
monopole acquires one unit of electric charge. Therefore, the values of (nm, ne) for the massless
states at the singularities are (1, 0), (1, 1) and (1, 2).

From the charge spectrum of the particles which become massless at the singularities on the
u-plane, we can get the corresponding monodromies. As in the Nf = 0 theory, the monodromy
at u = ∞ can be obtained form the large u behavior of a and aD,

M∞ = PTNf−4

The singularities at finite points in the u-plane, in general, correspond to monopoles or dyons.
To calculate the corresponding monodromy, we have to go to a dual description of the theory. In

14



this frame, the monodromy is determined by the one-loop QED β-function with k hypermulti-
plets and is given by T k. This has to be conjugated with T neS which converts a hypermultiplet
of charge (0, 1) into a monopole of charge (1, ne). Hence the monodromy around a point with k
magnetic monopoles with (nm = 1, ne) is (T neS)T k(T neS)−1. Similar arguments can be applied
to calculate the monodromy for the (2, 1) state in the Nf = 3 theory. In the following we list
all the monodromies around the singularities described in the previous subsection:

Nf = 1 : STS−1, (TS)T (TS)−1, (T 2S)T (T 2S)−1 → M∞ = PT−3 ,
Nf = 2 : ST 2S−1, (TS)T 2(TS)−1 → M∞ = PT−2 ,
Nf = 3 : (ST 2S)T (ST 2S)−1, ST 4S−1 → M∞ = PT−1 .

From these monodromies, we can construct elliptic curves as we did in pure gauge theory.
Then the moduli space of vacuum will be equivalent to the moduli space of these curves. Then
a and aD is also determine by the one cycle integral of certain one form.

References

[1] N. Seiberg and E. Witten, Nucl. Phys. B426 (1994) 19.

[2] N. Seiberg and E. Witten, Nucl. Phys. B431 (1994) 484.

[3] L.Alvarez-Gaume,S.F.Hassan,hep-th/9701069

[4] J.Harvey,hep-th/9603086

[5] N. Seiberg, Phys. Lett. 206B (1988) 75.

15


